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Abstract

The Merrifield-Simmons index ¢(G) of a (molecular) graph G is defined as the
number of subsets of the vertex set, in which no two vertices are adjacent in G, i. e.,
the number of independent-vertex sets of G. Let 7 (n, k) be the set of trees with n
vertices and with diameter k. The unique tree with the largest o-value in 7' (n, k) is
determined. We also determine all trees T of order n , for which 272 < o(T) < on-1
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INTRODUCTION

A topological index is a map from the set of chemical compounds represented by
molecular graphs to the set of real numbers. Many topological indices are closely
correlated with some physico—chemical characteristics of the underlying compounds.
The Merrifield-Simmons index o [1-3] is one of the topological indices whose math-
ematical properties were studied in some detail [4-19] whereas its applicability for
QSPR and QSAR was examined to a much lesser extent; in [2] it was shown that o
is correlated with the boiling points.

Given a molecular graph G, the Merrifield-Simmons index o = ¢(G) is defined as
the number of subsets of V(G) in which no two vertices are adjacent i. e., in graph—
theoretical terminology, the number of independent—vertex sets of G, including the
empty set. For example, for the 4-membered cycle Cy with vertex set V(Cy) =
{v1, v2, 03,04}, such that v; and v;11, ¢ = 1,2,3, as well as v; and vy are adjacent,
the independent—vertex subsets are: 0, {v1}, {va}, {vs}, {va}, {v1,v3}, {vo,a},
and thus, ¢(C;) = 7. For the path P,, o(B,) is equal to the Fibonacci number?
F,+1. This is perhaps why some authors [6] called o the “Fibonacci number” of the
graph. For further details on o see the book [2], the papers [4-19] and the references
cited therein.

All graphs considered here are finite and simple. Undefined notation and termi-
nology will conform to those in [20]. For a graph G with the set of vertices V(G) and
u € V(G), by Ng(u) we denote the set of all neighbors of u in G'. For u,v € V(G),
d(u, v) denotes the distance between u and v in G, which is the length of the shortest
path between w and v. We denote by d(G) the diameter of G, which is defined as
d(G) = max{d(u,v) |u,v € V(G)}. By GU H is denoted the disjoint union of two
graphs G and H , and by m H the disjoint union of m copies of H .

Let T be a tree with n = n(T') vertices. By 7 (n) is denoted the set of all trees
with n vertices and by 7 (n, k) the set of all trees with n vertices and diameter & .

In this paper we investigate the Merrifield-Simmons index of trees. We charac-

terize the unique tree in 7 (n, k) with the largest o-value, as well as the trees whose

2Recall that F,, = F,,_1 + F,,_» with initial conditions Fy =1 and F; = 1.
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o-values lie between 2772 and 2. From [17] we know that these results may have
potential use in combinatorial chemistry.

The interval in which the o-values of trees vary is determined by:

Lemma 1 [2, 6, 17]. Let T € T(n). Then F,; < o(T) < 2"7' + 1. In addition,
o(T) = F,y if and only if T = P, whereas o(T) = 2"~ + 1 if and only if T = S,,,

where P, and S, are the n-vertex path and star, respectively.

The graphs shown in Fig. 1 are frequently used throughout this paper. Their
construction and the parameters on which they depend are evident from Fig. 1 and

will not be formally defined.
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Figure 1. Trees considered in this work, the parameters on which they depend,
and the labelling of their vertices.

PRELIMINARIES

Lemma 2 [2, 17]. Let G be a graph with & components G1, Gy, ..., Gy . Then

Lemma 3 [2, 17]. For v € V(G),
0(G)=0(G—v)+0(G—v—Ng)) .
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From Lemmas 2 and 3, we can easily get the following:
Lemma 4. For two positive integers n; and ns,

U(Sm.nz) — 2m+n2 4 QM 4 9n2

t
Lemma 5. Suppose that ny >mny >--->n; >0and m = Y n;. Then
i=1

(U1, ma, -, me)) = 2° _l:[(2"’+1)+2m (1)

U(Uk(n17n27'~~7ni+17“~7nj_17~"7nt)) >U(Uk(nhn%”'7ni7~"7nj)"'7nt)) (2)

and if 287131 > 2™ then

t—1 t—1
c(Ug(m—t+1,1,...,1)) > o(Up—1((m -t +2,1,...,1)) (3)
otherwise,
t—1 t—1
— —
O(Uk(nl -+ 1*, 17 cry 1)) < U(Uk—l((’rn’ —t+ 27 17 RN 1)) . (4)

Proof. Eq. (1): From Lemmas 2 and 3 we have
¢ t
o(Uk(na,nay...,my)) = 28 T o(Spin) + 2™ =28 [ (2% + 1) + 2™ .
i=1 i=1
Eq. (2): Since n; > n;, we have (2% +1)(2% 71 +1) > (2™ 4+1)(2% +1). Then,
from (1) we get (2).
Egs. (3) and (4): From (1) we have that

t—1
o(Up(m —t+1,1,...,1)) = 2k (2m=tH 4 1) 31 4 om

and
t—1

o(Upai(m —t+2,1,...,1)) =2k (22 1 1) 3¢-1 4 gm+L

Thus,

t—1 t—1
— —
o(Up(m —t+1,1,...,1)) —o(Up_1(m —t +2,1,..., 1)) = 2k713-1 —om,

Obviously, (3) and (4) hold. O
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In a similar manner as Lemma 5, we prove:
Lemma 6. For all ny > 2 and ny > 2,
U(Pm,nz) = 2™ Fm + Fnl—l (5)

0(Pony) > 0(Paysimg—1) - (6)

Lemma 7. If n > 7, then
0(Ping2) =2""3 42" 425 19
Ifn;>1,ny>1,and n; +ny =n—>5, then
0(Spyman) = 2773 42075 4 2m242 g2 g gmiHl 4 om

and
0(Spymga) < 0(S1pga) =272 4244 2m5 L 9" 0 1 g

forallmng >1and ny > 1.

THE MAIN RESULTS

Lemma 8. If T € T(n,n — 1), then o(T) < 4F,_5 + F,_3. Equality holds if and
only ifT = Pn,gg .

Proof. Since T' € T(n,n — 1), we have d(T) = n — 1. Then, T must be a tree
obtained from P, and P,_; by identifying one vertex in P, with one vertex of P, ;
of degree 2. Assume that P, 1 = uj,us,...,u,1 and that T is the tree obtained
from P,_; by adding a pendent edge at the vertex uy, , where 2 < k < n — 2. From

Lemmas 1, 2, and 3, we have
J(T) = U(Pn—l) + U(Pk—l)U(Pn—k—l) = Fn + Fk Frz—k .

Based on a result from [6], if 2 < k < n—2, then F}, F,,_x < F, F,,_5 and the equality

holds if and only if £ = 2. This completes the proof. O

Theorem 1. If T € 7 (n, k), then o(T) < 2" F,_, + F}._». Equality holds if and
Ol'lly if T = Pk:,n—k' .
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Proof. Since T' € T (n, k), we have that d(T) = k and n > k+ 1. We prove the
theorem by double induction on &k and n .
From Lemmas 1 and 4 follows that the theorem is true for k = 2,3 and n(T) > 4.
Suppose that the theorem holds for all d(T) < k —1 and k > 4 and n(T) >
d(T)+2.

Now for a tree T with d(T) = k, from Lemma 8 the theorem is true for d(T) = k
and n(T) = k+2. We assume that the theorem holds for d(T) = k and n(T) < n—1.
When d(T) = k and n(T) = n, we distinguish the following two cases:

Case 1. There is at least one path uy,ug, us, ..., ug, up41 in 7', such that d,, =2 or

dy, = 2. Without loss of generality, assume that d,, = 2. From Lemma 3 we have
o(T) = o(T —w) +o(T — {ur, us})

and
0(Pin—i) = 0(Pic1n—k) + 0(Pr—2n—k) -

Now, T'— uy and T — {uy,us} are trees with n — 1 and n — 2 vertices, respectively.
In addition, k — 1 < d(T —u;) < k and k —2 < d(T — {uy,us}) < k.

For T — wy, by the induction hypothesis we have that o(Py_1n—%) > (T — u1)
it d(T —w) = k—1and 0(Pepr-1) > (T —w) if d(T —uy) = k. Thus, from
Lemma 6 we have that o(Py_1,-) > 0(Prnk-1). It is not difficult to show that
0(Pr—1n-k) > (T — wy) and that equality holds if and only if T — uy = Py_q 5

Similarly, for T'—{uy, us} we have 0(Py_2,—k) > 0(T—{u1,us}) , and the equality
holds if and only if T = Py_s, . Hence, o(T) < 0(Py,—x) and the equality holds if
only if T'= Py, .

Case 2. d,, > 3 and d,, > 3 for each path uy,us,us, ..., ur, up in T'. Suppose

that d,, =7+ 1> 3. From Lemma 3 we have
o(T)=0(T —w1)+ o(T — {ur,uz})

and

0(Pin—k) = 0(Pep—t-1) + onh=1
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Now, T'—u; is an (n—1)-vertex tree of diameter k. Then, by the induction hypothesis,
0(Pipn—k-1) > 0(T —uq) and the equality holds if and only if Py,,—j—1 =T —uy. On
the other hand, there is a tree H such that T — {uj,us} = (r — 1) K; U H.?> Then
from Lemma 2,

o(T —{u,ug}) =2""1o(H) .
Note that n(H) =n—r—1<n and k —2 < d(H) < k. Hence, by the induction
hypothesis and Lemma 6, we have 0(Py_2,j—r41) > o(H) and n —k—r+1> 1.

Thus, n — k > r and we have
o(T — {ur,u2}) <27 0(Pegmrpr1) =2 " Fo g + 277  Fy

Since 2" *F 1 [, = R Ey 5, 4271 B g and n— k > r, we have 2" 1 By >

o(T — {u1,u2}) and the equality holds if and only if n — k = r. So, we have
U(Pk,n—k) 2 O'(T)

and the equality holds if and only if Py,_r—1 = T —u; and n — k = r, that is,

T = Py k. By this the proof of Theorem 1 is completed. O

Lemma 9. Let T be an n-vertex tree and d(T) = 4. Then for n > 10, o(T) > 272
if and only if T € {Uy;(n —5,1), U,_5(1,1), Up(ny,n2) | ny +ne =n —3}.

Proof. Since T is a tree with d(T') = 4 and n(T) = n, there are integers n; > 1, ¢ =
t
1,2,...,t, k> 0and ¢ > 2, such that T = Uy(n1,na,...,n;). Let m = 3 n;. Since
=1

t > 2, from Lemma 5 we have

t—1
——
U(Uk(m —t+11..., 1)) > U(Uk(nh N2,y nl)) (7)
formy >nyg >--->n; > 1and
t—s t—1
0(Ugss(m —t+s,1,...,1)) > o(Up(m —t +1,1,...,1)) (8)

¢
3If this would not be the case, then it would be T' — {u1,us2} = r1 Ky |J H;, such that H; is a
i=1

tree with n(H;) > 2 and t > 2, where 11 +¢ = r. Since d(T) = k, there ‘would have to be a tree,
say Hi , such that d(H,) = k—2 and d(H;) > 1 for i > 2. Thus we would have d(T) > k+ 1, which
would contradict to the fact d(T) = k.
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for s >1>1. So, from (7) and (8) we have
max{o(Ux_1(m —2,1,1)) |k +m =n—4} > o(Ur(n1,n2,...,n4))

forallt >3 and ny >ng >--->mny > 1.

From (3) it follows that
max {o(Ug_1(m —2,1,1)) |k +m =n — 4}
= max{o(Up(n —6,1,1)),0(U,—7(1,1,1))}
PAE S AR

Fort=2,

o(Up(m —1,1)) > o(Up(m — 2,2)) > o(Ux(m — 3,3) > o(Ur(m — s, s))

(10)

(11)

where k+m =n—4 and s > 4. From Lemma 5 and the inequality (11) we infer the

following:]

For k=0and ny +ny =n—3,
a(Up(ny,ng)) = 2772 4 2™ 4 2m2 41
Fork=1lands>1,
o(Ui(n—5,1)) > o(Ui(n —6,2)) > o(Ui(n — 6 — 5,5+ 2)) .
Fork=2and s > 1,
o(Usx(n—6,1)) > o(Uz(n — 6 —s,5s+ 1)) .
Fork=n—-5ands>1,
o (Un_5(1,1)) > 0(Up_6(2,1)) > 0(Up_s_s(1,2 + 5)) .

Fork>3,s,>2,and sy > 1,

max{o(Us(n —6,1)),0(Un—6(2,1))} > o(Uk(s1, $2)) -

(12)

(13)

(14)

(16)
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In addition, by direct calculation we obtain:

o(Up(ni,ng)) = 2" 242m 42" 4] (17)
o(Ui(n—=5,1)) = 2"2+6 (18)
o(Ui(n—6,2)) = 2" 342 41" 5 110 (19)
o(Us(n —6,1)) = 2" 3427442775412 (20)

o(Uns(1,1)) = 2" 242" 44 (21)

o(Un—s(1,2)) = 2773 pon 44 on=5 4 on=6 4.8 (22)

Note that if n > 10, then 2"~° > 12 and 2"~% > 8. Therefore, from the inequalities
(9)-(16) and Eqs. (17)—(22), we conclude that if d(T) = 4, then o(T) > 2"72 if and
Ol’lly if T e {Ul(n - 5, 1) 5 Un,5(1, 1) 5 Uo(nl,nz) | ny+MnNg =n— 3} .o
Lemma 10. Let T be an n-vertex tree with d(T) = If there exists a path

k.
Uy, Us, . . ., Uy such that d,, > 3 and d,, > 3, then o(T) < 0(Py—1,,2), where

nm=n—k—1.

Proof follows by induction on n(7") . From the condition of the lemma, we know that
n(T) > k + 3 and the equality holds if and only if T = Py_155. So, the lemma is
true for n(T) =k + 3.

Suppose that n(T) > k+4 and that the lemma holds for all trees with n(T') < n.
Let uy,us, ..., ur41 be a path, such that d,, > 3 and d,, > 3. We distinguish the

following two cases:
Case 1. d,, = 3 or d,,, = 3. Suppose that d,, = 3. From Lemma 2 we have
o(T)=0(T —u1) + o(T — {ur,uz})

and

0(Pro-1m2) = 0(Pen—t-1) +20(Pi—on—k-1) -
Note that n(T —uy) =n—1,d(T —w) =k, T — {uj,us} = K; UH, and k — 2 <
d(H) < k, where H is a tree. From Theorem 1, o(T — uy) < 0(Prn—k—1) and
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o(T—{u1,us}) <20(Py—on—k-1),and each equality holds if and only if T = Py_1 ,,, 5.

In view of this, the lemma holds.
Case 2. d,, >4 and d,, > 4. Let d,, =7 > 4. From Lemma 2 we have
o(T)=0(T —uy) + o(T — {u1,us})

and

0(Pecim2) = 0(Pe1ny—12) + 2" Lo (Py_an)

Since T'—wuy has a path uq, uo, . .., w41 such that d,, = r—1> 3 and d,, > 4, by the
induction hypothesis, 0(Py—14,-12) > 0(T — u;) and the equality holds if and only
if Popog1 =T —uy. For T — {uy,us}, by d(T) = k we know that there is a tree H
such that T — {uq,us} = (r—2) KiUH and k—2 < d(H) < k. Since n(H) =n—r,

from Theorem 1 we have
0(H) < 0(Poomprya) =272 F »+ Fy
where n — k —r +2 > 0. Consequently,
o(T —{up,up}) 2" * Fy 0 + 2772 Fp 5 .

Note that
2n171 J(Pk—Z,Z) — 2n—k Fk*Z + 2n—k—2 Fk—3 )

Since n — k — 2 > r, we have
O'(T — {Ul, ’LLz}) < 2”171 O(Pk,z‘g)
which completes the proof. O

Lemma 11. If T € T(n,5) \ {Ps,._5}, then o(T) < 273 4 2n=4 4 2n=5 4 976 4 ¢
and the equality holds if and only if 7= S, 5.

Proof. Since T € T(n,5) \ {Psn_5}, we only need to consider the following cases:

Case 1. There is a path wuy, ug, us, ug, us, ug , such that d,, > 3 and d,;, > 3. Then,

from Lemmas 7 and 10,

o(T) < 0(Pypga) =2"+ 2" 2" " 19,
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Case 2. For each path wy,us, us, u4, us, ug , we have, d,, = 2 or d,,, = 2. Without

loss of generality, assume, that d,, = 2. Then, from Lemma 3,
o(T)=0(T —u1)+ o(T — {u1,uz})

and

0(S1n-52) = 0(Pipns) + 0(Pan_s) -

Note that 4 < d(T — u;) < 5 and 3 < d(T — {u1,u2}) < 5. From Lemma 8 and
Theorem 1, one concludes that if d(T° — {uy,us}) > 4, then o(T — 1) < 0(Pyps)
and o(T — {uj,us}) < 0(Pypn-g). Therefore, o(T) < 0(Si,-52) and the equality
holds if and only if T = Sy ,_55. On the other hand, if d(T" — {us,us}) = 3, then
we have d(T —uy) =4. Then T = S, »,2, where ny +ny =n — 6. From Lemma 7,
o(T) < 0(S1,n-52) and the equality holds if and only if T = S ,,_5 .

This completes the proof. O

Before stating Theorem 2 we first list a few results that can be obtained by direct
calculation. These cover the case of trees with fewer than 10 vertices.

For any n, from Lemma 1 and Theorem 1 follows that there exists a unique tree
such that 271 < ¢(T') < 2", which is the star S, .

For1<n<7andT € T(n)\{S,}, 272 <o(T)< 2.

Forn=28,if T € {As, U1(2,2), U2(2,1), Paag, S122, U1(3,1), Us(1,1),
S(ny,ma), Up(s1, s2) |ny +na = 6,8, + 52 = 5} then 26 < o(T) < 27. Otherwise,
25 < o(T) < 2%. In the above expression Ag stands for the tree obtained from a path
Uy, g, Uz, Uy, Us, Ug by adding a pendant edge at each of the vertices us and wuy .

Forn=9,if T € {Us(2,1), P54, U1(4,1), Us(1,1), Up(s1,52), Snymy |01 + N2 =
7,81+ s2 = 6} then 27 < o(T) < 28. Otherwise, 26 < o(T) < 27.
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Theorem 2. If T € T(n) and n > 10, then 2"2 < ¢(T) < 2" if and only if
T e{Psn5,Ui(n—>5,1), Ups(1,1), Up(s1,52) s Spyms |1 +1M2=1—2, 01 > N9 >
1,8 +8s=n—3,s > s >1}. In addition,
(P5n 5) = 2" +5
o(Uin—5.1) = 2746
o(Ups5(1,1)) = 27242775 44
o(Up(s1,82)) = 2"72427 42241
O(Spymy) = 277427 427

5(1,

Proof. Let T be a tree with n(7) > 10. Then d(T) > 2. For d(T) = 2, we have
T8, and 0(S,) >2"71.

For any tree T with d(T) = 3, from (5) and Lemma 1 we have 2”2 < o¢(T) <
anL,
For any tree T with d(T') = 4 and n > 10, from Lemma 9 we know that 272 <

o(T) < 2" Vif and only if T € {Uy(n—5,1), U,_5(1,1), Up(s1,52) | 51+ 82 =n—3}.
For any tree T with d(T) = 5, o(P5,-5) = 22+ 5. From Theorem 1 and
Lemmas 6 and 11 we know that 2772 < ¢(T") < 2"7! if and only if T P;,,_5
For any tree T with d(T') > 6, from Theorem 1 and Lemma 6 we know that
o(T) < 0(Psp-g) = 272+ 2% 4+ 276 4 8 and that equality holds if and only if
TP

Theorem 2 follows from the above arguments, Lemma 4, and Egs. (17)-(22). O

CONCLUDING REMARKS

Lemma 1 and Theorem 2 imply that there is a single n-vertex tree for which
2"~141 < ¢(T) < 2". Forn > 10 the number of n-vertex trees with with the property
22+ 1 < o(T) < 2"t is exactly n. Above Theorem 2 all trees with fewer than 10
vertices were listed, for which 2"t + 1 < o(T) < 2"t for any possible integer ¢.

/e denote by 7'(2!) the set of n-vertex trees T', such that 2"t +1 < ¢(T) < 2"t
and denote |7(2)| by f(t).

Note that o(P,) > 2l**2/2]  Therefore, |(n 4 2)/2] <t < n. We have shown

that f(1) =1 and f(2) =nif n > 10. An interesting problem would be to determine
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f(t) and T(2%) for any ¢ € [[(n+2)/2], n], and for any n, or to find good upper and

lower bounds for f(t).
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