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Abstract

The energy of a graph is defined as the sum of the absolute values of all
eigenvalues of the graph. Let 7. denote the set of trees with n vertices. When
n>6, for a given integer Ae[3,n-2], we characterize the tree in 7, with
maximum degree A and maximal energy. Furthermore, for [22]<A(T)<n-2
and n>7, the tree in 7, with maximum degree A and minimal energy is also

determined.
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1. Introduction

In the present paper we consider graphs without loops and multiple edges.
Let G be such a graph with n vertices. A k-matching of G is a set of k
independent edges in G, k=12,---[n/2]. And m(G,k) will denote the number
of k-matchings of G. It is both consistent and convenient to define m(G,0)=1,

and m(G,k)=0 for k>|n/2].

Let G be a graph with vertex set {v,v,,---,v.}. Its adjacency matrix
AG)=(a;) is defined to be the nxn matrix (a;), where a;=1 if v, is
adjacent to v;, and a; =0 otherwise. The characteristic polynomial of G is
just #(G)=det(xl - A(G)), where 1 denote the identity matrix of order n. The

n roots of the equation ¢(G)=0, denoted by 4,4, are called the

n ’

eigenvalues of graph G.

In chemistry the (experimentally determined) heats of formation of
conjugated hydrocarbons are closely related to the total ~-electron energy. And
the calculation of the total energy of all = -electrons in conjugated hydrocarbons

can be reduced to (within the framework of HMO approximation [15] ) that of
EG) =|A| |4+ +[A]-

If the characteristic polynomial of the graph G is ¢(G)=Zn:aix“", then

E(G) can be expressed in terms of the Coulson integral [15] as

n/2| [n/2]

E(G)=— I x* |n[(Z( 1)’a,;x")? +(Z( 1)'a,;,x*) Jdx.

Furthermore it is well known [2] that if T isatree with n vertices then

#(T) = f( )*m(T,k)x" . Hence

[n/2]

E(r)_fj x’zln[z m(T, k)x%]dx . ™)
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It is easily seen that E(T) is a strictly monotonously increasing function of
all matching numbers m(T k),k =021,--,[2]. Based on this fact Gutman [4]
introduced a quasi-ordering relation “=" (i.e. reflexive and transitive relation)
on the set of all forests (acyclic graphs) with n vertices: if T, and T, are two
forests with n vertices, then T, =T, < m(T,,k) >m(T,.k) forall k=01---|n/2].
If T,=T, and there exists j such that m(T,, j)>m(T,, j), then we write T,>T,.
If T,=T, (T,~T,), we also write T,<T, (resp. T,=<T,). Hence by (*) we have

T,=T,=E)>E(,) and T,>T,= E(T,)>E(T,).

This quasi-ordering has been successfully applied in the study of the
extremal values of energy over a significant class of graphs (see [3, 4, 5, 6-15]).
In [4] Gutman determined the tree in 7, with the maximal energy, namely, the

path P,. Furthermore, he obtained the following result.
Lemmal1[4]. Let T beatreein 7 \{X,,Y,,Z,,W}.If n>5,then
E(X,)<E(Y,)<E(Z,)<EW,)<E(T).

InLemma 1.1, X, isthestar K, ,, Y, isthe graph obtained by attaching a
pendant vertex to a pendant vertex of K, _,, Z, by attaching two pendant
vertex to a pendant vertex of K,,,, W, by attaching a P, to a pendant vertex

of K,,,.Fig.1shows thetrees X,,Y,,Z, and W,.

X, 5, z

9

N
/|

Fig 1. The trees X,,Y,,Z, and W,.

W,

In this paper we use the quasi-ordering to determine the trees with a given
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maximum degree and extremal energies. For a given integer A<[3,n-2] and
n>6, the tree in 7, with maximum degree A and maximal energy is given.
Furthermore, for [=2]<A(T)<n-2 and n>7, the tree in 7, with maximum

degree A and minimal energy is also determined.

2. Preliminaries
First we need the following notations.

The vertices of the path P, will be labeled by v,v,,---,v, so that v, and

v,, areadjacent.

Let G and H be two graphs whose vertex sets are disjoint. If v is a
vertex of G and w a vertex of H, then G(v,w)H is the graph obtained by
identifying the vertices v and w. In particular, the graph P,(v,,v)G is obtained

by identifying the vertex v, of P, withthe vertex v of G.

Let u and v be two vertices of the graph G. Then G(u,v)(a,b) denotes
the graph obtained from G by attaching a pendant vertices to the vertex u

and by attaching b additional pendant vertices to the vertex v.

Two vertices u and v of the graph G are called equivalent if the

subgraphs G-u and G-v are isomorphic.

With the above notations, Gutman and Zhang [1] have shown the following

results.

Lemma 2.1 [1]. If v isan arbitrary vertex of the graph G, then for n=4k+i,
ie{-1012}k=>1, P(v,V)G>P, (V)G > > P, (Vy,,V)G

=P (Vyy s V)G > P, (Vyy 5, V)G >+ > P, (v,,V)G .

Lemma 2.2 [1]. If the vertices u and v of the graph G are equivalent, then
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G(u,v)(0,n) < G(u,v)Ln-1)<---<G(u,v)( n/2|,n-[ n/2]).

Definition 2.1. We call the transformation from G, =P,(v,,v)G to P (v,v)G,

where r>2 and n>3,the «,-transformation of G,.

Definition 2.2. We call the transformation from G, =P (v,,v)G to P,(v,v)G,

where r=1,3 and n>6, the «,-transformation of G,.

Definition 2.3. We call the transformation from G,=G(uv)(ab) to
G(u,v)(a-Lb+1) the p-transformation of G,, and the transformation from
G,=G(u,v)(a,b) to G(u,v)(©0,n) the g'-transformation of G,, where 1<a<b,

and u,v areequivalentin G.
By Lemmas 2.1 and 2.2, the following results are immediate.

Corollary 2.1. If G, can be obtained from G by one step of «, - or

a,-transformation, then G, >~G.

Corollary 2.2. If G, can be obtained from G by one step of p- or

p'-transformation, then G, <G.

Definition 2.4. Let T beatreein 7,,and nx3. Let e=uv be a nonpendant
edge of T, and let T, and T, be the two components of T-e, ueT, veT,.
T, isthe tree obtained from T in the following way.

(1) Contract the edge e=uv (i.e. identify u of T, with v of T,).

(2) Attach a pendant vertex to the vertex u (=v).

The procedures (1) and (2) are called [16] the edge-growing transformation

of T (onedge e=uv),ore.gtof T (onedge e=uv) forshort.

Lemma 2.3. Let T be a tree in 7, with at least a nonpendant edge, and
n>3. If T, can be obtained from T by one step of e.g.t (on edge e=uv), then
T-T, and E(T)>E(T,).
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Proof. On one hand, each k-matching of T, corresponds a k-matching of
T, k=0,1,--[n/2], thus m(T,k)=m(T, k) and T:>T,. On the other hand, since
e=uv isa nonpendant edge of T, we can find a vertex adjacentto u (resp. v)
in T, (resp.in T,),say u, (resp. v,). Then {uu,w} isa 2-matching of T, but

not one of T,,s0 m(T,2)>m(T,,2). Hence T >T,,and E(T)>E(T,). O

Lemma 24 [1]. If e=uv is an edge of G, then for all k>1,

m(G,k)=m(G-u-v,k-1)+m(G —¢k).

The lemmas and corollaries above are often used to determine the quasi-order

between two trees in the remainder of this paper.

In order to formulate our results, we need to define three trees: S(n,m,r),
where n=2m+r+1>5 , m>1 , r>=0 , m+r>3 ; Y(mr) , where
n=2m+r+1,n>8,m>2,r>3; and D(n,p,q) (n>4,p>q>1, p+gq=n-2) as

following: s(n,m,r) is obtained from the star K by attaching one pendant

1Lm+r

vertex to each of m pendant vertices of K Y(n,m,r) is obtained from the

Lm+r *

path P

r+l

by attaching m P, to one end vertex of P_. D(n, p,q) is obtained

from the star K by attaching g pendant vertices to one pendant vertex of

1,p+1

K, ,..- The three trees are shown in Fig.2.

m[: :}r””[l ——= p[f f}q
S(n,m,r) Y(n,m,r) D(n, p,q)

Fig.2. The trees S(n,m,r), Y(n,m,r) and D(n,p,q).
For S(n,m,r), Hou has shown the following result [17].

Lemma 2.5[17]. Let T beatreein 7 with m-matchings (i.e. m(T,m)>0).
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Then T »=S(n,m-1,n-2m+1) with the equality iff T=S(nh,m-1,n-2m+1).

Let T.={Te7 |T consists of A paths with a common end vertex},
A=34,---,n-1. Then S(n,n—A-12A-n+1) and Y(n,A-1,n—2A+1) are both in
T.,and P, ¢T.. Obviously, if Te7,, then T has exact one vertex of degree
more than 2. We call the vertex of degree A(>2) the root of T, and call each of

the A paths a pendant path of T (rooting at the root).

and T®

We also let T2 palm

rst

be the two trees shown in Fig. 3, where r,s>1,

t>0 and p,q>0, I,m>1.

p q

—_————

D am NI -

T2 T3

Psq.l.m

}m

AN

and T3

p.alm*

Fig 3. The trees T2

rs;t

3. Main results

We first determine the tree with a given maximum degree and maximal

energy.

Theorem 3.1. Let T beatreein 7, and n>4.Then T<T (n,A) and
E(T) < E(T,"(n,A)), with the equalities iff T =T,"(n,A), where
T(n,A)=S(n,n—A-1,2A—-n+1) if 3<|2|<A(T)<n-2, T/ (n,A)=Y(n,A-1,n-2A+1)

if 3<AM)<[z2],and T (n,A)=P, if AT)=2.

Proof. If A(T)=2, then T=P, =T,(n,A), and the conclusion holds. So we

suppose A(T)>3 hereafter. If Te7,, then T can be transformed into a tree
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T'eq, by carrying out «, -transformation repeatedly. Thus T<T' by
Corollary 2.1. So it is sufficient to show that for any tree Te7, and

T=T/(n,A), T<T (nA).
We distinguish the following two cases.

Case 1. A(T)=A(T)>|n/2]|>3. Since T #T,(n,A)=S(n,n-A-12A-n+1), then
T has at least a pendant path with not less than 4 vertices. Moreover, there must
exist at least a pendant path P, in T. (Otherwise the number of vertices of T
is n>2A+2>2|n/2]+2>n, a contradiction.) So T can be transformed into
T(n,A) by repeatedly carrying out o, -transformation, and T <T,(n,A) by

Corollary 2.1.

Case 2. A(T)=A(T)<[n/2]. Since T =T, (n,A)=Y(n,A-1,n—2A+1), then either
T has at least two different pendant paths with not less than 4 vertices, or T
has at most one pendant paths with not less than 4 vertices and at least a pendant
path P,. If T is the former case, then T can be transformed into a tree T
with only one pendant path with not less than 4 vertices by carrying out
a, -transformation repeatedly. Hence T<T' by Corollary 21. If
T'=T,(n,A) =Y (n,A-1,n—-2A+1), then the result holds; otherwise, T' is the latter
case. Thus it remains to show that T'<T, (n,A), where T' has at most one
pendant path with not less than 4 vertices and at least a pendant path P,. Then

T' must have at least one pendant path with not less than 5 vertices. Otherwise,

il

' has at most one pendant path with 4 vertices and at least one pendant path
P,. Then, if n is odd, n<2A+1<2n/2|<n, a contradiction; if n is even,
n<2A+1<2|n/2]=n, again a contradiction. Thus T' can be transformed into a
tree T" which has a pendant path with at least 4 vertices by a step of

a, -transformation. If T still contains a pendant path P,, by the same
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reasoning, T" can be transformated into T, (n,A)=Y(n,A-1n-2A+1) by
repeatedly carrying out «,-transformations. Hence T'<T,(n,A) by Corollary
2.1.

The proof is thus completed. O

Noting that, for each A, 2<A<n-2, T/(n,A+1) can be transformed into
T, (n,A) by exact one step of «,-transformation, we have T, '(n,A+1)<T,(n,A) by

Corollary 2.1, and the next result follows from Theorem 3.1 immediately.

Corollary 3.1. Let T beatreein 7, and n>5.If A(T)>1>3,then

T <T,(n1), with the equality iff T=T"(n,I).
Furthermore we can obtain the following interesting result.

Corollary3.2. Let T, and T, betwotreesin 7,,and n>4.If T, has
m-matchings and A(T,)>n-m, then T, >T,, with the equality iff
T,2T,=S(h,m-1Ln-2m+1).

Proof. Immediate from Lemma 2.5 and Corollary 3.1. O

Now we consider the tree with a given maximum degree and minimal

energy.

Theorem 3.2. Let T be a tree in 7,, and n>7. If [%]<A(T)<n-2, then
T=T,(n,A) and E(T)>E(T,(nA)), with the equalities iff T=T,(n,A), where
T,(n,A)=D(n,A-Ln-A-1) if [4]<A(M)<n-2, and T,(nA)=T2, . ., If
[ ]<AM)<[3]-1.

It is easy to see that, if 3<[4|<A<n-2, T can be transformed into T, (n,A)
by carrying out e.g.t and g-transformation repeatedly, so T =T, (n,A) with the
equality iff T=T,(n,A) by Lemma 2.3 and Corollary 2.2. However, in order to

prove the conclusion of Theorem 3.2 for [21]<A(T)<[4]-1, we need more
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preparations.

Lemma 3.1. Let T be a tree in 7 with maximum degree A, where

[m]<AM)<[2]-1 , and n27 . If T=T2, or T=T},, , then

p.a.l,m

T=T,(n,A) =T, 1. 20q, With the equality iff T =T, (n,A).
Proof. We prove the result by the following three cases.

Case 1. T=T/,. Then either r=A-1 and s<A-1, t<A-2, or t=A-2 and

s,r<A-1.

Subcase 1.1. r=A-1.Then s+t=n-A-2. By repeatedly applying Lemma 2.4
A-1 times, we have, for all k=>1,

m(T,k) =(A-1)xm(D(n—A,t,s),k-1)+m(D(n-A+1t+1,5),k), and

m(T, (n,A),k) = (A-L)xm(D(n—A,A-1,n—2A-1),k -1)+ m(D(n—A+1,A-1,n—2A),k) .
Moreover by Lemma 2.2, D(n-A,t,s)>=D(n-A,A-1,n-2A-1) and
D(n—-A+Lt+15s) = D(n—-A+LA-1Ln-2A), SO m(T,k)>m(T,(n,A),k), for all k>1.

Hence T =T, (n,A), with the equality iff T=T,(nA).

Subcase 1.2. t=A-2. Obviously, r+s>A. Thus T can be transformed into
T2, osa. Dy p -transformation, and by Corollary 2.2 and Subcase 1.1,

T =T ouas =T, (n,A), with the equality iff T=T2, ,,.,=T,(nA).

Case 2. T=T?

saim- Then either I=A-1, p,g<A-2 and m<A-1, 0r p=A-2,

g<Aa-2 and I,m<A-1.

Subcase 2.1. |=A-1. By repeatedly applying Lemma 2.4 A-1 times, we
have, forall k>1, m(T,k)=(A-1)xm(T2__ k-1)+m(T

p.maq’

k) and

m(T, (n,A),k) = (A=) xm(D(n—A,A-1L,n-2A-1),k-1)+ m(D(n—A+1,A-1,n—2A),k) .

If p+m>A-1, and without loss of generality assuming p>m, then T; . can

be transformed into D(n-A,A-1,n-2A-1) by exact (A-1)-p=A-p-1 steps
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of p -transformation, and followed one step of e.g.t if p+m>A. So by
Corollary 2.2 and 2.3, T2, ,>D(n-A,A-1,n-2A-1). Otherwise p+m<A-1,

pmg —

then T2 . can be transformed into D(n-A,p+mq+1) by one step of

p' -transformation, so T?  >D(n-A,p+m,q+1)>=D(n-AA-Ln-2A-1) by

Corollary 2.2 and Lemma 2.2. Similarly, T?

p+Lm,q

=D(h—A+1LA-1n-2A) .
Therefore m(T,k) >m(T, (n,A),k), and T =T, (n,A).

Subcase 2.2. p=A-2. We will show that T=T] =T'=T2 then the

o aim = ILaA-Lm
case is deduced to Subcase 2.1. It is easy to see that for k=1,
m(T,k) =mxm(T% , ;. k=) +m(T?%,, . ,.k), and

m(T k) =mxm(T¢, 1 k=0 +m(T7, ;. K) . Similarly, we have, for all k>2,
m(T2, 5 k-1 =gxm(D(l+A,1,A-2),k—2)+m(D(I +A+11,A-1),k-1) and

m(TZ, 0 k=1 =gxm(D(I +A,1-1,A-1),k—2)+m(D(I + A+11,A~1),k-1) . Noting
that 1<A-1, for k>2, we have
m(D+A,1L,A-2),k-2)=m(D(1+A,1-LA-1),k-2) , SO m(T2,,.K)=mT?%, k).
Similarly m(T2,, ,...k-D=m(T?, ,...k-1) forall k>2.Therefore
m(T,k)>m( k) forall k>2,and T>T".

The proof is thus completed. O

Let £(G) denote the number of edges of the graph G. Let K,, be a star,
and v,,v,,---,v, its vertices of degree 1. Let H, be a tree with maximum degree
atmost A, and vy, avertex of H,, i=12..-,A, with degree at most A-1. Then
T(n,A;H, H,,-,H,) will denote the tree K,,(v,u)H,(v,,u,)H, (v, u)H,. Let
g =¢(H,), i=12.---,A. Without loss of generality we assume that & >¢,>--->¢,.
When & =0, H, is an isolated vertex u,, which will be denoted by K,. If H,
isastar K,  withthe center v, then we write H, as C, . (A center of a star is

the vertex of the star with maximum degree.)

Obviously T(n,A;H,,H,,---,H,) has maximum degree A, while every tree in
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7, with maximum degree A has the form T(n,A;H,,H,,---,H,).

Lemma 3.2. Let T=T(nA;H,H,, - H,) with >0 and [22]<A(T)<[2].
Then there exists a tree T'=T(n,A;H,'C,K,,---,K), where gH,")>A-1,

t=n-A-g(H,)-1<A-1,suchthat T>T".

Proof. If ¢ <A-1, then g<A-1, i=23,--,A. Thus T can be transformed
into T'=T(n,A;C,,,C,,,.K.,---,K)) by anumber of e.g.t and g -transformations,
so the conclusion holds from Corollary 2.2 and Lemma 2.3. If & >A, then
t=Y 2,6 <A-1. (Otherwise &(T)=n-1>3A>3=]|>n, a contradiction.) Thus
T can be transformed into T'=T(n,A;H,,C,K,,---,K,) by a number of e.g.t and

B -transformations, andso T>T". O
Now we give the proof of Theorem 3.2.

Proof of Theorem 3.2. We have mentioned that the conclusion holds if
[52]+1<A<n-2. Now we only deal with the case when [22]<A(T)<[4]-1
here. By Lemma 3.2, it suffices to show the following statement: for each tree
T=T(",A;H,,C,K,,---,K)) with ¢g=¢(H)>A-1 and t=n-A-g-1<A-1,

T=T,(A)=T2, 1. 0aq, With the equality iff T =T, (n,A).

If &=A-1, then T can be transformed into T,=T,,,, by e.g.t, and the

conclusion holds from Lemma 2.3 and 3.1.

Hence assume & >A. Then we can find an edge e=wu, in H, such that
the degree of w ismorethan1in H,.Let L, and L, be the two components
of H,-e such that w isin L (L, may be K,). We complete the proof by
induction on z(T), the number of nonpendant edges of T.When r=2, T=T2,
for some r, s and t with A(T)=A, so the result holds from Lemma 3.1.

Assume that the statement is true when «z=1-1 . Now let
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T=T(n,A;H,,C,K,,---,K)) be a tree with ¢(T)=1. We distinguish the following

two cases.
Casel. t>0,i.e. C =K.

Subcase 1.1. £(L)<A-1 and &(L,)<A-2 . Thus by egt T can be

transformed into 17, .., SO the statement is true by Lemma 3.1.

Subcase 1.2. £(L)>A. Thus &(L,)+t<A-2. By e.g.t, T can be transformed
into T sothat L, becomes K, , withthecenter u.Then T>~T by Lemma
2.3. Let T, be the tree obtained from T by moving all the t pendant edges at
vertex u, to u,. By induction hypothesis T, =T, (n,A), with the equality iff
T,=T,(n,A), SO it remains to show that T >T,. Let m'(L,i) denote the number
of i-matchings of L, in which at least one edge is incident with the vertex w,
and m*(L,j) the number of j-matchings of L which consist of edges not

incident with the vertex w. Let T'=T?

£(Lp)tA-2

and T"=Tj, ... Then for all
k>0,
m(f,k)=zk:m'(L1,i)xm(T ',k—i)+zk:m"(L1, PDxmT"k=j).
Similarlyl,=1 D'= D(A+5(LZ)+t+31,=2+1,5(L2)+t) and
"—D(A+g(L)+t+4 A+15(L)+t+l))
m(T,,k) = Zm(L1 i)xm(D', k—|)+Zm (L, jyxm(D" k- j).
Moreover by Lemma 2.2, T' >D and T"-D", so m(T,k)>m(T,k) for all

k>0.Hence T=T =T, =T,(n,A).

Subcase 1.3. &(L,)>A-1. Thus g(L)+t<A-1.Bye.g.t, T can be transformed
into T so that L, becomes Ki.q With the center w. Let T, be the tree
obtained from T by moving all the £(L,) at vertex w to u,. Similar to

Subcase 1.2, we have T ~T,, and the statement holds.

Case 2. t=0,i.e. C =K.
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Subcase 2.1. £(L)<A-1 and &(L,)<A-2. Thus by egt T can be

transformed into T2

S 1s(e(, and the statement holds by Lemma 3.1.

Subcase 2.2. £(L)=A.Thus & <A-2.Bye.g.t, T can be transformed into T
so that L, becomes K,,., with the center u,. Let e'=yw be a nonpendant
edge with an end vertex y in L. Let I, and I, be the two components of

L —e' suchthat y isin I, (1, maybe K,).

Subsubcase 2.2.1. &(I)<A-1 and &(1,)<A-2. Thus by egt T can be

transformed into T2

sLyeyaeqy » @Nd the statement holds by Lemma 3.1.

Subsubcase 2.2.2. £(1,)>A. Thus &(1,)+e&(L,)+1<A-2. Let T, be the tree
obtained from T by e.g.t on edge e=wu, and nonpendant edges in L,. Then

T>T,=T,(nA) by Lemma 2.3 and induction hypothesis.

Subsubcase 2.2.3. £(1,)>A-1. Thus &(I,)+e(L,)+1<A-2. Let T, be the tree
obtained from T by e.g.t on nonpendant edges in 1, and then moving all the
(1)) pendant edges at vertex y to u,. Similar to Subcase 1.2, we have T >T,,

and the conclusion holds.

Subcase 2.3. £(L,)>A-1. Then &(L,)<A-2. By e.g.t, T can be transformed
into T so that L becomes Ki.qy With the center w. Let e"=zu be a
nonpendant edge with an end vertex u, in H,. Let N, and N, be the two

components of L,—e" suchthat z isin N, (N, maybe K,).

Subsubcase 2.3.1. &(N)<A-1 and &(N,)<A-3. By egt T can be

transformed into T, so that N, becomes K with the center z and N,

Le(Ny)
becomes K, , with the center u. If s=s(L)+&(N,)<A-1, then by Lemma
2.2 and Lemma 3.1 we have T>T =T = Taeemyya = T2 (0,A) . Otherwise s>A.

Then T, can be transformed into T, (n,A)=T2 .. ,.. Dy exact A-1-e(L)
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steps of p-transformation and followed a step of e.g.t. on edge e"=zu,. Hence

by Corollary 2.2, Lemma 2.3 and Lemma 3.1, T =T, (n,A).

Subsubcase 2.3.2. g(N,)>A. Thus &(L)+&(N,)<A-3. Let T, be the tree
obtained from T by repeatedly carrying out e.g.t so that N, becomes Kyoon,)
with the center u, and followed a step of e.g.t on edge e=wuy, . Hence

T>T>T,=T,(n,A) by Lemma 2.3 and induction hypothesis.

Subsubcase 2.3.3. &(N,)>A-2. Thus &(L)+&(N,)<A-1. Let T, be the tree
obtained from T by repeatedly carrying e.g.t such that N, becomes Kiony
with the center z, and then moving all the ¢(N,) pendant edges at vertex z to
w (i.e. astep of p'-transformation). Then T =T =T, =T, (n,A) by Corollary 2.2,

Lemma 2.3 and induction hypothesis.

The proof is completed. O
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