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Abstract

The general Randi¢ index Ro(G) of a graph G is defined as the sum of the weights (d(u}d(v))* of
all edges uv of G, where d{u) denotes the degree of a vertex u in G and « is an arbitrary real number.
Clark and Moon gave the lower and upper bounds for the Randié¢ index R_; of all trees, and posed
the problem to deternine better bounds. In this paper we give the best possible lower and upper
bounds for R_; among all chemical trees, i.e., trees with maximum degree at most 4. Some (but not
all) of the corresponding tree structures are also determined.

1 Introduction
In 1975 Randié [13] proposed the following two important topological indices

R(G) = Y (deu)da(v))™ and R_3(G) = 3 (do(w)da(v)) ™}
wveE ° wel

in his research on molecular structures. In the above formula the graph G = (V, E) corre-

sponds to a certain molecule, the vertices correspond to the atoms and the edges correspond

to the chemical bonds between atoms. The index R_; is called Randi¢ indez. Afterwards,
2

researchers generalized Randié index by replacing —% by a real number a, and called the new

index general Randic index. Studies on the extremumn of Randi¢ index and general Randié

index attracted much attention from chemists and mathematicians, see [1 — 12,15].

It is know to all that many molecules such as alkane have molecular graphs with no cy-
cles. In chemical graph theory [14] acyclic molecular graphs with no vertices of degree greater
than 4 are usually referred to as chemical trees. So, researches on chemical trees are of much
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Figure 1: a 2-leaf and a 3-leaf

importance. Bollobas and Erdés (1] gave a sharp lower bound for R_1 of general trees. Yu
[15] gave a sharp upper bound for R_1 of general trees. Based on the two results for general
trees, Caporossi et al (2] got a sharp lower bound for Randi¢ index Rw% of chemical trees.
Gutman et al [§] got both bounds for R,% of chemical trees.

Clark and Moon [4] are interested in the Randi¢ index R_;. They obtained a sharp lower
bound and an upper bound for general trees, but the upper bound is not sharp. Recently,
Rautenbach [12] gave an upper bound for R_ of trees with maximum degree 3, but his proof

is very complicated. In this paper we give sharp bounds for R_; of chemical trees. At the
same time a simple proof of Rauteubach’s theorem is presented.

2 Some notations and known results

Theorem 2.1 [{] For a tree T with n > 2 vertices,

5n+8
18 '

1< R,4(G) 2
with the former equality if and only if G is a star.

Theorem 2.2 [12] Let T be a tree with n vertices and with mazimum degree 3. Then

0 ifn=1,
1 tf n=2,
: 1 :
int+l  if3<n<9

Sy <{ T =

R = %n+;—7 if n> 10 and n = 1 mod 3,
2—"7:11-}—11—533 if n>11 and n =2 mod 3,
2—77n+% if n> 12 and n =0 mod 3.

For a graph G = (V, E), we denote the number of vertices (or order) by n, and for any
vertex v € V' we denote its degree by d(v). For a vertex of degree 1, we call it a leaf. If there
are k vertices of degree 2 between a leaf to the first vertex with degree larger than 2, we call
this structure a k-leaf, see Figure 1. Let x5, 1 <1 < j < 4 be the number of edges of a tree
T, connecting a vertex of degree i with a vertex of degree j. Denote the number of vertices
of degree i. 1 < i <4 by n;. Throughout this paper, we only discuss the Randi¢ index R_;.
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3 Chemical trees with minimum value of R_;

From Theorein 2.1 we know that the values for R_; of stars reach the minimumn. However,
when n > 5 the stars never belong to chemical trees. So we must reconsider the minimum for
n > 5. In the following we give the chemical trees with minimum values for R_; by a linear

programiming.

Theorem 3.1 Let T be a chemical tree of order n. Then

Roy(T) >

n 1
&t

if n<s,

4fn=6

ifin=7,
if n=10,
other

Proof. From the basic relations of degrees and edges, we have the following graup of linear

equations:
T2 t T3+ Te =M

z12 + 2292 + Toz + 224 =
713 + 723 + 2x33 + T3y = 3n3
T4 + Taq + T3q + 2z44 = dng

nitnetnitng=n

21\2

()

ny +2ng +3n3 +dng = 2(n - 1)

we can essume that ny, ng, n3, n4,T14, T44 are unknown and solve the group of linear equa-

tions since the number of equations is 6, i.e.,

n = 2—'?—2 3112 = 33922 = §1‘23
o |

ng = 5T12 + 2+ 2223 + 2124

ng = éIla & %rza o= %133 + 1z,

9113 = 3124 & 51‘33 = 91334

na="52 = 1oy~ lzgp — 1870~ 2zy3— lxu - fzan - %7:34
T4 = E'z = %3-'12 e ’l_‘xlS 3222 = 5123 = Iz-l = 2333 e 134
T4q = 5 +3 212 +35 9313 o - gzza e %Izq = 713 éI:n
By substituting the solutions r14 and z44 into R_1(T), we get
Bl Sappt g ¥ Sl b @Rl st € ok cas b aan e B0
E == £ =(z p =T I a z :
1 gtz Tt 7(Bu+ In)+ T+ oTu + 5Ty 1234 g 74
73n+1+271 +qx +91+3r+1r (3.2)
T 16 4 BT T 1t T '

So in fact we anly need to consider the following formula:

f(T) = 27z10 + 9113 + 9292 + 3222 + 233

From the above formula we can easily see that f(T") reaches its minimum if T is a tree such
that z19, %13, 222, T3, T3z are all zero. One simple way to make them all zero is to seek a
tree with vertices of degrees 1 and 4. We know that only wher n = 2 mod 3,n > 5 there
exist such trees. So, it is clear that when n = 2 mod 3,n > 5, f(T) reaches its minimum
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[a] (8] [c]
Figure 2: minimum trees for n =6,7,10

0. For the case n = 0 mod 3,n > 8, we can find a tree with z2, 23, T2, 293, £33 all zero
by two steps. The first step chooses a tree of order n — 1 with vertices of degrees 1 and 4
and subdivides once one of the edges that connect two vertices of degree 4. For the case
n = 1mod 3,n > 11, we first choose a tree of order n — 2 with vertices of degrees 1 and
4 and subdivides once two of the edges that connect two vertices of degree 4, respectively.
By doing so, it ouly produces edges with two endpoints of degrees 2 and 4 while contributes
zero to f(T'). So what left for us are the cases for n = 6,7,10 since stars reach the mini-
mum when n < 5. When n = 6, there is no tree with x2, 213, 22, 223, z33 all zero, and so
R_1(T) reaches its minimum if and only if T" is the tree as shown in Figure 2 [a]. When
n = 7 there is no tree with x5, 113, Z22, T23, T33 all zero either, and so the best case is that
there is a tree with )3 = 2 and others equal to zero {see Figure 2 [b]). At last we consider
the case for n = 10. If the tree has no vertices of degree 4, then it must has at least two
leaves connected with vertices of degrees 2 or 3; if the tree has only one vertex of degree
4, then it has at least one leaf connected with a vertex of degree 2 or two leaves connected
with a vertex of degree 3; but if the tree has two vertices of degree 4, we can let zqy = 1,
while others are equal to zero. So the tree in Figure 2 (¢] reaches the minimum when n = 10. 1

4 Chemical trees with maximum value of R_;

The upper bound in Theorem 2.1 is not sharp, and the authors asked for better bounds.
Unfortunately, there is no further results for general trees, but for chemical trees there exist
sharp upper bounds. In this section we not only show the bounds, but also give the structures
of some chemical trees with the maximum values for R_;.

Theorem 4.1 Let T be a chemical tree of order n > G, then
R_(T) € Maz{F\(n), Fs(n), F3(n)},

where

g niEs if n=1mod 3,
+ﬁ(—l%*‘ﬂ+9) if n=2 mod 3,
+
2
44

-,s-m

1
3n

i) Fi(n) =

u
+m

g:..(“"_g +18) if n=0mod 3,

1
l
16
1 7 mox{lln—Ny—2k+10,k = 0,1 ,2}, where Ny is the minimal integer

i) Fy{n) = 3l 4 -
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Figure 3: Transfer operation A

solution of ng in the following group of equations:

ny+2n4+2=m
2y +n3tng=n—k
n3 < 2n4 +2

and

iii) F3(n) = 3-%14- ﬁ -maz{dn+ 19N, +5k+4,k = 0,1, 2} where N, is the mazimal integer
solution of n in the following group of equations:

ng+2ng+2=mn
2+ ng+ng=n—k
ng > 2n4+2

ﬂng

Proof. Just like the proof of Theorem 3.1, here we try to make f(7T") reach its maximum. At
first let’s see three transfer operations of chemical trees under which the value f(T) increases.

Transfer operation A. Move each leaf connected with a vertex of degree 3 or 4 to a leaf
connected with a vertex of degree 2 (See Figure 3).

Transfer operation B. Move successive vertices of degree 2 between two vertices of
degrees 3 or 4 to any leaf (See Figure 4).

Transfer operation C. Choose any two vertices of degree 2 not connected with leaves
from the k-leaves, then connect them one by one to any vertex of degree 2 not connected
with a leaf and connected with a vertex of degree 3 or 4(See Figure 5).

For any chemical tree, after completely doing the above transfer operations, it must be
changed into the structure shown in Figure 6. Here we should note that trees with this
structure have ng — ny; < 2. So we only need to seek trees with the maximum value for R_,
among the trees in Figure 6. We distinguish it by two cases.

Case I. ng = 0.

In this case we have
ny +3ng =2(n; +ng — 1)
n+ny+ng=n
n—~ny <2
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Figure 4: Transfer operation B

Figure 5: Transfer operation C

vertices of degree
3 and 4

Figure 6: the circle means 2-leaves or 1-leaves
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1< o ek

n=1mod3 n=2mod3 n=0mod3

Figure 7: The trees in Case I

We can easily solve the group of linear equations, and get that

11]=%2| nZ:"a—'ﬂ, ng = "T" if n=1mod3
m=2 no=2H n3=22  §f n=2mod3
ny =, nzzi?{—ﬁ. ng=123% if n=0mod3

From (*) we have

=
|
-

1‘12=%3» T =0 :3=0 _7:23=ﬂ3'—2, zzg3="3" if n=1mod3
1 By Iy o

=2, zp=1 z3=0 zp=2, zu=2%% if n=2med3

1:”:%. T92=2 1x13=0 .‘523=%, 133="—52 if n=0mod3

By taking the above results into the (3.2), we have

3L b ppgoingtsd if n=1mod3,
Ro(T)={ 384 L3824 9) ifn=2mod3,
Indl g (3829 4 18) if n=0mod3,

Case II. ng # 0.

For the reason to make f(T) as large as possible, the trees must have enough k-leaves

connected with vertices of degree 3, so that x23 can be larger.

a) If ng < 2n4 + 2, the trees with each vertex of degree 3 connected with two k-leaves and
one vertex of degree 4 must have the maximum f(T') since only in these trees z,3 contributes

the most to the swin f(7T"). For these trees we have
f(T) = 27ny + 6ng + 9(ny — ﬂz)

and

ny+3ng +4ng =2(n +nz+ng—1)
nm+nzt+nztng=n

ny—ny <2

ng < 2ng4 + 2.

(41)
(4.2)
(4.3)
(4.4)

Let ny —n; =k, we get 3n; —ng — 2 =n—k by (4.1) and (4.2). By taking it into f(T),

we have
f(T)=11n —nqy — 2k +10.
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Figure 8: a tree of Case II a), and a tree of Case II b)

In order to make f(7') reach the maximum, we must choose the smallest ng4, denoted by Ny. In
finding Ny, we should note that from (4.4), 2n4+2 must close to n3 so that Ny can be smaller.

b) When n3 > 2n4 + 2, the trees whose paths between two vertices of degree 4 composed
of all vertices of degree 4 must have the maximum f(T"), because these trees have the largest
z93. The 2n; + 2 vertices of degree 3 contribute 2 to x93, and the left (nz — 2ny — 2) vertices
of degree 3 contribute 1 to z33 and zp3 respectively, and so we have

f(T) =27ny; + 6(21‘&4 + 2) + 4(113 — 2n4 — 2) + 9(112 - ﬂ.|)

and

ny+3ng +4ng =2(ny + ng+ng—1) (4.5)
nptnztng+ng=n (4.6)

n—ng <2 (@7

ng > 2ng +2 (4.8)

ng > 0. (4.9)

Here we let ng — ny = k, and then (4.6) changes into ng + ny = n — k — 2n,;. By taking it
into f(T). we have

f(T) =4dn +19n; + 5k + 4.

In order to make f(T') reach the maximum, we must choose the largest ny, denoted by Nj.
From (4.5} and (4.6) we have 3n; = n — k 4+ ng + 2. So, in order to make n; larger, we must
let ny be larger. While from (4.9) we should let 2n4 + 2 close to ng in finding N;.

We know that R_;(T’) reaches its maximum if and only if f(T') reaches its maximum. The
above proof contains all possible cases for thc maximum of R_;(T). So the maximum must
be one of the cases above, and the theorem is thus proved. 1

When 3 < n < 6 the trees have at most 2 edges connected with a vertex of degree 1 and
a vertex of degree 2, and so the trees with maximum value of R_; must be a path.
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Example 4.2 Let’s determine the mazimumn for Ry of chemical trees with 55 wvertices by
using the results of Theorem {.1.
Since 55 = 1 mod 3, we have
3x55+1 +_1;‘31 % 55 + 53 _ 2080
16 144 3 144 °
By solving the two groups of linear equations:

Fi(55) =

+3ng +4dng =2(n; + n3 +ng— 1)
ny+ns+nz+ng =55

—np <2
ng < 2ng+2
and
ny 4+ 3ng +dny = 2(ny +ng +nq — 1)
ny +ne+n3g +ng =55
n — Ny ﬁ 2
ng > 2ng +2
g > 0,
6, nz~n1=0 20, ng—mn1 =0
respectively, we get that Ny =< 4, no—my=1 and my=¢ 19, np—ny=1
5, ng—-n; =2 19, ng—mny=2.
So,
3x55+1 1 2103
- 4 — -4 - =
F5(955) T +144><(11x55 6+ 10)( or (11 x 55 2x1))= Tar
end 3x5541 1 2008
o o R 2 4 2
F3(55) 16 +144x(4x55+19>< 0 +4) = a7
Thus, the maximum value for R_; of chemical trees with 55 vertices is %.
5 A simple proof of Theorem 2.2
Proof. When the maximum degree of T is 3, we can still get that
9 1 27 9 9 3 1
()= — et 4 — 3
R4(7) 1 T g T et et qatn t et gt

We ouly need to consider

f(T) = 27315 + 9713 + 922 + 3723 + Z33.

By the three transfer operations, we can determine that the trees with the maximum values
of R_j must have the structure shown in Figure 6, but the vertices in the circle of Figure 6
must be of degree 3. We can easily find that it is the same with Case 1. Three extremal
trees corresponding to different n > 6 are given in Figure 7.

When 3 < n < 6, @7 is at most 2, and so the path of order n reaches the maximum. We
can easily get that the value for f_, of the path is f‘dil. So, the proof of Theorem 2.2 is
complete. 1
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