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Abstract

The energy of a graph is the sum of the absolule values of its eigen-
values. It is used in chemistry to approximate the total m-electron energy
of molecules. In this paper we present upper bounds for the energy of a
graph in terms of its degree sequence, and characterize those maximal en-

ergy graphs and maximal energy bipartite graphs.
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Given a graph G with n vertices, define the energy of G, denoted E(G),
by
E(G) =) M,
i=]

where Ay > Ay > -+ > A, are the eigenvalues of G. This concept was intro-
duced in the subject of chemistry by 1. Gutman and is intensively studied
since it can be used to approximate the total m-electron of a molecule (see
[1, 2], for example). Recently, Koolen and Moulton [6, 7] showed that for a
graph G with n vertices and m edges

2m 4m?

E(G)§T+\/(n— D (2m- ) (1)
and for a bipartite graph with n vertices and m edges
4m 8m?

E(G)STﬂ/(ﬂ—i') (2m- 2. (2)

and characterized those graphs for which these bounds are best possible (see
{5}, where the above bounds were published for the first time). Then for a

graph G with n vertices

E(G) £ 5(1+ VA)

and for a bipartite graph G with n vertices

E(G) < Z=(VE+ V),
and those graphs for which these bounds are best possible can be character-
ized [6, 7].

A graph G is semiregular bipartite (of degrees ry and rp) if it is bipartite
and each vertex in the same part of bipartition has the same degree (each
vertex in one part of bipartition has degree r; and each vertex in the other
part of bipartition has degree ry). Clearly a regular bipartite graph is a
semiregular bipartite graph (r; = r3).

Among the known lower bounds for A; is the following [8]:

Yo qud?

A! 2 =1
n
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and equality holds if and only if G is a regular graph or a semiregular
bipartite graph, where d,,d>,...,d, is the degree sequence of G.

A strongly regular graph G with parameters (n,k,p,0) is a k-regular
graph on n vertices, each pair of adjacent vertices has p common neighbours
and each pair of non-adjacent vertices has ¢ common neighbours. If o >
1 and G is non-complete, then the eigenvalues of G are k,s and ¢t with
multiplicities 1,7, and m;, where s,t are the roots of z% + (¢ — p)z +
(¢ = k) = 0, and m, and m, can be determined by m, + m; = n — 1 and
k+mgs+met = 0.

We first give an upper bound for the energy of a graph with n vertices,
m edges and degree sequence dy,d,,. .., d,, and characterize those graphs
for which this bound is best possible.

Theorem 1 If G is a graph with n vertices, m edges and degree sequence
dl,dg,...,dn, then

E(G)g\f%ﬁ+J(n—i) (Zm—-?_;n'd‘z-). (3)

Moreover, equalily in (3) holds if and enly if G is either 3K, (n = 2m), K,
(m =n(n—1)/2), a non-complete connected strongly regular graph with two
non-trivial eigenvalues both with abosulate value \/(Zm - (2 /(n-1), or
nl(; (m=0).

Proof. Recall that [8]

MB / «':ld?‘
n

By the Cauchy-Schwartz inequality,

2N S (=) 3TN = f(n - 1)(2m - 2.
=2 i=2
Hence

E(G) < A+ /(n - 1)(2m - AY).
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Note that the function F(z) = ¢+ /[n — 1)(2m — z?) decreases for \/2m/n
<z € v/2m, and /Zm/n < J(DR, d?)/n € Ay, we see that F()\) <
F'( ( }‘=1dl?)/n). This proves (3).

It is easy to check that if G is one of the graphs given in the second part
of the theorem, then equality in (3) holds.

Conversely, if equality in (3) holds, then by the above argument, we
see that A, = \/(_;’:l a'?_}/_n It follows that G is a regular graph or
a semiregular bipartite graph. If G is regualr and m > 0, then A, =
V(D d})/n = 2m/n, and hence G is either 3 K3, Ky, or a non-complete
connected strongly regular graph with two non-trivial eigenvalues both with
abosulate value \/(Qm - (2)2)/(n - 1) [6]; If m = 0, then G is nk,. Now
suppose G is a semiregular bipartite graph. Since equality holds in the

Cauchy-Schwartz inequality given above, we have /(Y0 ,d?)/n = A\ =

=2 = /(2m = M)/(n - 1), from which we have 7., d? = 2m, and hence

d=1or0for1<i<n. Thus G is either 3K, or nk;. u]

Remark 1 Note that /(Tr, d¥)/n > 2m/n (since 4m? = (Tl di)? <
nTh, d?) and F(z) = z 4 /(n — 1)(2m — 22) decreases for /2m/n < z <

V2m. We have
E(G) < F ( (> )/ | < Plm/n).
=1

E(G) < F(2m/n) is (1).
To investigate the energy of a bipartite graph, we need the following

lemmma.

Lemma 1 Let G be a connected bipartite graph with n vertices and m edges,

and let dy,da, ..., d, be the degree sequence of G. Then
&2+ di -+ d2 < mn,

equalily holds if and only if G is a complete bipartite graph.















