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Abstract

Let G be a fullerene on n vertices having width w. We prove that the k-th
spectral moment of G depends only on n, w and k for k < 2w + 6 and its value
is denoted by W(n,w, k). We study the properties of the function W(n,w, k) and
derive some bounds for the width w in terms of eigenvalues of G.

0 Introduction

Let G be a simple graph on n vertices with an adjacency matrix A and eigenvalues
2 8% B S

The k-th spectral moment of G is defined as S, = 1%, A¥, and it is equal to the
number of all closed walks of length & in G (see (2, 4]). If we know Sy, Sy, ..., Saoy, we
can compute eigenvalues Ay, Ay, .., An.

We have Sg =n, 5 =0, S; = 2m, S; = 6¢, where m is the number of edges and ¢ the
number of triangles of G.

Fullerenes, which are 3-regular planar graphs with faces being only pentagons and
hexagons, have attracted much attention in chemical and mathematical literature. From
the point of view of spectral graph theory, the most important question regarding fullerene
graphs is whether they are characterized by their spectra.

It is studied in [3] to what extent the structure of a fullerene graph can be reconstructed
from its eigenvalues and graph angles. It is noted that among fullerene graphs no two
with n < 100 have the same spectrum.

Here we determine some further properties of a fullerene graph using only eigenvalues,
i.e., spectral moments, which is a step ahead in resolving the question whether fullerenes

are characterized by their spectra.
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By above general formulas for spectral moments, for a fullerene graph on n vertices we
have Sy =n,5, = 0,8, = 3n, 53 = 0. It is known from the literature (c.f, e.g., [6]) that
the spectral moments Sy, for & < 11 under some conditions are either constant or depend
ouly on n. Expressions for S; for a few values of & above 11 under some conditions are
known as well.

Using the notion of the width of a fullerene graph (sce Section 3 for the definition), we
are able to extend the formulas for the spectral moments S; for & much above 11 under
additional conditions.

The plan of the paper is as follows. Basic facts from the theory of graph spectra which
are relevant for fullerene graphs are summarized in Section 1. Some results, obtained in
(3], on hexagonal nets and on pentahex subnets, which will be used later, are presented

in Sections 2 and 3, respectively. Finally, our results on spectral moments of fullerene

graphs are described in Section 4.

1 Information derived from eigenvalues

Based on the classic knowledge from the spectral graph theory, given the eigenvalues of a

fullerene only, we can

s establish that the fullerene graph is connected and regular of degree 3 (2, p. 94],

e determine the girth g (g = 5 for fullerene) and the number of circuits of length ¢
(12 for fullercne) (2, p. 95, Theorem 3.26],

o determine the number of circuits of lengths 6,7, 8 and 9 [2, p. 97, Theorem 3.27).

From the last item mentioned, we conclude that we can recognize whether the fullerene
has disjoint pentagons. In the sequel we shall consider only fullerenes with disjoint pen-
Lagons,

The distance of the vertex j to the nearest pentagon is called pentadistance of a vertex.
Let P be the set of vertices at the distance s from the nearest pentagon. Let t be the
largest pentadistance of a vertex. The vertex set is then partitioned into subsets Fy, .

, .. Obviously, since the pentagons are disjoint. we have that || = 60.

Let Ni(3) be the number of closed walks of length k starting and terminating at
vertex 7. The sequences Ni(7) (7 = 1,2,...,n) were used in [3] as a basic tool for

detecting details of the structure of a fullerene graph.



the eigenvalues and angles we can obtain the partition Py, P, ..., P and the numbers

|Pol, [Pl - -, |22%| which can tell us a lot about the structure of the fullerene.

2 Coordinates and closed walks in hexagonal nets

The (s + 2)-neighbourhood of a vertex j at the distance s from the nearest pentagon is
isomorphic to a subgraph of the infinite, 3-regular. hexagonal net. In this section we give
the number of closed walks starting and terminating at a vertex of such net.

In a geometric representation of the hexagenal net, each edge in the net has the same
unit length and one of three directions. Denote the unit vectors having these directions
with u, v and w, as done on Fig. 1. Note that there are two kinds of vertices: vectors u,
v and w leave the vertices of the first kind and enter the vertices of the second kind. Note
also that edges in the net always connect vertices of different kinds.

All shortest paths from a fixed vertex A to all other vertices may be divided into
classes based on the set of vectors they contain:

{u,v, —w}, {~u, —v,w},

{u, —v,w}, {=u, v, —w},
{~u,v,w}, {2, v, —w}.
























