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Abstract. Thorny graphs are graphs having only branched and terminal vertices.
Their properties have not been previously studied in detail, though it may be noted
that they appear in a couple chemically interesting contexts. First, they may be viewed
as non-H-deleted graphs of hydrocarbons, with the C and H atoms not distinguished.
Second, they may be viewed as the H-deleted graphs exhibiting extremal
characteristics for certain graph invariants, and thence also for certain chemical
properties corresponding to such graph invariant. This paper considers a special case,
namely trees having all non-terminal vertices of a fixed degree d, and termed d-thom
acyclic graphs. An algorithm and a program are developed for the evaluation of the
average Wiener number of isomeric d-thorn trees having up to a hundred atoms, for ¢
=3andd=4.

INTRODUCTION

The Wiener number (and many other graph invariants) have developed as useful
“topological indices” for molecular structures, with Professor Alexandru T. Balaban (Sandy)
being a leading advocate for such approaches. See, e.g., [1] or [2]. As such, special methods to
compute Wiener numbers, or theorems they satisfy, or analogues, or extensions all have become

of interest.

# Dedicated on the occasion of the 70° birthday to Professor Alexandru T. Balaban, who has long pursued the use of
topological indices as QSAR and QSPR descriptors
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In 1997-1998, Ivan Gutman [3,4] discussed the graph theoretical representation of some
special classes of organic compounds. He introduced the term “thorn graph™ for the graph G*
obtained from a parent connected graph G by attaching p; new vertices of degree one (p;,0) to all
of its vertices i. Special attention has been paid to some classes of thorny graphs having a
chemical relevance. These classes are determined by the condition p; = dpa. - di, where dp.. is a
constant, and d; is the degree of the i vertex in G, G being a tree. For organic acyclic molecules,

dmar =4 or 3 for the respective classes of alkanes 1 and “polyeneoids” 2.
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The classes of alkanes and polyeneoid compounds have only two types of vertices:
nonterminal vertices of degree d and terminal vertices of degree 1. Such graphs have been known
in graph theory as proper graphs [5]. Therefore, proper graphs are a special case of thorny graphs
with a uniform degree d of all nonterminal vertices. We will call such graphs d-thorn graphs.

The d-thorn graphs are of importance for polymer theory [6,7], especially for dendrimers
[8,9]. where they are termed Cayley trees [10]. The Wiener number of such classes of polymer
graphs could be of use in the quantitative characterization of polymer topology, as well as for
specific structure-property relationships. Formulae for the Wiener number of individual
dendrimer species (such as with “uniform radius™) have been reported by Gutman [11] and
Diudea [12]. However, the number of isomeric structures without restrictions increases rapidly
with the number of atoms. One is thus confronted with the problem of isomer enumeration such

as has been a topic of permanent interest since 19" century when it stimulated the genesis of
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graph theory. Some of this history and much of the related mathematical work, especially
following Polya’s fundamental enumeration theory of the 1930s, is described by Kerber [13].

As a consequence of the extreme variety of molecular architectures, ensembles of
molecules are better characterized by averages or distributions. Bytautas and Klein [14]
calculated recently the mean values of several properties of alkane isomers having up to 40
carbon atoms. They also extended from 20 to 100 carbon atoms [15] the work of Gutman et al.
[16,17] on average Wiener numbers of isomeric alkanes CyHaw,a. In this study, we calculate the

average Wiener numbers for 3-thorn and 4-thorn trees (isomeric alkanes and polyeneoids).

METHOD

Each thorny graph T* has a parent graph T obtained by deleting all degree-1 sites from
T*. Conversely, given a parent, the corresponding d-thorn graph T* is obtained by adding new
degree-1 vertices to T, so as to bring all the vertices of T up to degree d. Gutman [3] derived a
formula that relates the Wiener number of thorny trees T* with the Wiener number of the parent

tree-graph T

W(T5)=(d —1)2W(T )+ [(d=1)N +1]> (1)

where N is the number of vertices in 7, and d is uniform degree of the nonterminal vertices in T*.
The formula includes also the case of N = I, for which the parent graph is a single vertex, W(T) =
0, and W(T*) = W(Star) = . The d-thorn graph has a number of vertices:

N*=N(d—1)+2 @)

We apply formula (1) to the computation of mean Wiener numbers of d-thorn trees with d
=3 and d = 4. The parent tree-graphs are those of isomeric alkanes. Their enumeration may be
done via a generating function technique which is intimately related to the approach taken to

make enumerations of isomers, e.g., as pioneered by G. Polya [18,19]. In fact to understand the
























