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Abstract. In the half-century long research of the structure-dependency of the total z-electron
energy (E) of benzenoid hydrocarbons (as calculated within the Hiickel molecular orbital
model) a large number (over 40) of (n, m)-type approximate formulas for E were put forward.
These formulas (denoted here by E*) depend on only two parameters: n - the number of
carbon atoms (= number of vertices of the molecular graph) and m - the number of carbon-
carbon bonds (= number of edges of the molecular graph). We provide here a complete list
thereof (published until the middle of 2000) and report statistical data indicating the accuracy
of the approximation E = a E* + b, with coefficients a and b determined by least-squares
fitting. The best (n, m)-type formulas of this Kind are capable of reproducing E with an
average relative error of 0.30%. There are several such formulas, the McClelland expression
E* = +/2mn (designed already in 1971) having the simplest algebraic form. Tt seems that 0.30% is the
limit of the accuracy for the (n, m)-type approximations for total m-electron energy.

INTRODUCTION

In this paper we are concerned with the total m-electron energy as calculated within the
simple tight-binding Hiickel molecular-orbital (HMO) approximation, expressed - as usual -

in units of the resonance integral £ [1]-[3]. We denote this quantity by E The problem of the
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structure-dependency of E attracts the attention of theoretical chemists longer than half a
century and numerous results in this area have been obtained (4, 5]. The theory of E is
nowadays reasonably well elaborated, mainly due to the application of various methods of
algebra and graph spectral theory [4, 5].

The fact that the gross part of the total m-electron energy is determined by two simple
topological parameters: the number n of vertices of the molecular graph (equal to the number
of carbon atoms in the underlying conjugated hydrocarbon) and the number m of edges of the
molecular graph (equal to the number of carbon-carbon bonds) was certainly noticed by the
pioneers in this area - Charles Coulson [6] and especially George Hall [7]; see also [8]-[11].
However the real breakthrough came with the seminal 1971 article of Befnard McClelland
[12], who first arrived at the famous approximation E = am i

It may be that McClelland opened a Pandora's box, because his work was followed by
a flood of publications by other authors and by well over 40 distinct (n, m)-type approximate
formulas for E. The references [12]-[30] cited here are just those in which novel (1, m)-type
formulas for £ were put forward; we did not intend (and did not dare) to compile a complete
bibliography of the many hundreds of papers concerned with research of the (n, m)-type
formulas for E.

The (n, m)-type formulas for £ have three main sources: 1° some of them were
obtained by using mathematically and/or physically justified approximations in HMO theory.
2° some were obtained without any theory, by a clever guess. 3° A significant number of
formulas are in fact lower or upper bounds for E, supplied by a pertinent empirical multiplier.

A limited number of the formulas reported in the literature applies to all conjugated
hydrocarbons, a few more to all alternant hydrocarbons. The majority of them have been
designed for benzenoid systems, using the distinguished topological properties of this class of

conjugated molecules [31].

Concerning class 3° of (n, m)-type formulas for £ recall that McClelland [12] proved
the inequality £ < N2mn (which is a mathematically correct result), and then observed that
between E and the upper bound 2mn there is a remarkably good linear correlation, leading
to E = a+2mn . The same procedure may be, and has been, repeated (with good or less good
success) with any other (n, m)-type lower and upper bound for E.

Comparative studies of (rn, m)-type approximate formulas for the total m-electron
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energy of benzenoid hydrocarbons were earlier undertaken 5, 32]. However, because of the
appearance of a multitude of novel such formulas, the papers [5, 32] are nowadays outdated;
for instance, in [5] only 24 formulas were examined (because only 24 formulas existed in that

time). The aim of the present work is to provide a fin de siécle report on this topic.

THE FORMULAS

In this section we list the various (n, m)-type expressions, all denoted by E£*, that may
be used to approximate the HMO total m-electron energy of benzenoid hydrocarbons by
means of either

E=aE*+b (1

or
E=aE* 2)

with @, b and a, being empirically determined fitting parameters (see the subsequent section).
For each formula (except nos. 1 and 2) we quote its source, where the interested reader can

learn how the formula was actually deduced. The formulas are ordered chronologically.

Formula 1:
E*=n
Formula 2:
E*=m
Formula 3 [12]:
E* =2mn
Formula 4 [13]:
N T
4n”-1)
Formula 5 [14]:
E* =2Jrn+%\/.vx(n—2)(m2 —9m+6n)
Formula 6 [15]:

2m n 2m R
E"‘:Zr"—+RJ——I+ -2 ’——— 3
n 2t (i ! no JnA2t)-1 i



Formula 11 [18]: E* is the solution of the equation (5):

E'+ 6(2mn - E) [E*+ A EN2mn— E2 + B (2mn - E)] = 6n° G3m - 2n) 5)
for A=11360, B=-1.7600.
Formula 12 [26]: E* is the solution of the equation (5) for A = 1.1360, B = -1.33.

Formula 13 [26]: E* is the solution of the equation (5) for A = 1.1360, B = -1.97.

3 s
P = 4m’9m — 6n

E* =(nJB, +2m 40, +2JR,

_ T2mn =720 ~4m* + 48
9mn —6n, —2m’

Formula 14 [19]:

Formula 15 [19]:

where
_91mn—72n* =18m’ + 24n
mn— 6y —2m*
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