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Abstract  Construction of polyhex and other tiled tori starting from square-like tori is
presented. Leapfrog transformation of both linear and angular polyhex isomers is discussed
and illustrated. Molecular mechanics and semi empirical calculations emphasize toranes
(alkanes-like hydrocarbons) rather torenes (alkenes-like or arenes-like molecules) as plausible
candidates to the real molecule status.

INTRODUCTION

Fullerene chemistry is nowadays a well-established field of both theoretical and
experimental investigations. The initial fascinating appeal, coming from their beautiful
symmetry [1-3] shifted later to real chemistry. [4-6] Carbon allotropes with finite molecular
cage structures have been functionalized or inserted in supramolecular assemblies. [7-9]

Since a spherical surface cannot be tiled by pure hexagonal pattern, [10,11) the
scientists looked for other surfaces capable to allow a full polyhex tessellation. Such surfaces
are cylinders (e.g., open nanotubes) and tori, [12-20] both of them identified in the products of
laser irradiation of graphite. [21,22] According to Euler’s formula: v—e + f=2-2g (v,e. f. g
being respectively the number of vertices, number of edges, number of faces, and genus) a

torus is of genus one while a sphere or a cylinder are of genus zero. Formula is useful for
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checking the consistency of an assumed structure.
This paper describes a novel way of generating polyhex tori, starting from
quadrilateral tessellated tori. Leapfrog transformation along with the energetic

characterization of some classes of tori is presented.

CONSTRUCTION OF POLYHEX TORI

Covering a toroidal surface by hexagons is related to the tessellation of an equivalent
planar parallelogram. [11, 16,18] The resulting polyhex lattice is completely defined by four
independent integer parameters, reducible to three parameters: [19] a torus T g, is obtained
from p x g hexagons stacked in a p x g-parallelogram, whose opposite edges are glued in
order to form a tube. Next, the two ends of the tube are glued together, eventually rotated by ¢
hexagons before gluing, to form the torus.

An alternative to the parallelogram procedure is the use of adjacency matrix eigenvectors
in finding appropriate triplets, i.e., 3D coordinates of a graph (in particular, a torus). [23] The
method was previously used in generating spheroidal fullerenes. [24,25]

Our construction starts from a quadrilateral net embedded on the toroidal surface,
generated according to an elementary geometry (see our previous work [26]). A torus T, pisa
lattice obtained by circulating a ¢-membered cycle along another cycle: its n images together
with the edges joining (point by point) the subsequent images form a polyhedral torus tiled by
some square patterns. The problem is to change the quadrilaterals into hexagons or other tiling
patters, suitable from chemical point of view. In this respect, we developed several cutting

procedures.

Standard C, cutting.

A cutting operation consists of deleting appropriate edges in a square-like net in order
to produce some larger polygonal faces. By deleting each second horizontal edge and
alternating edges and cuts in each second row it results in a standard k,Cs pattern (Figure 1,
a).
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FIGURE 1. Standard Cg patterns and their optimized forms.

After optimizing by a molecular mechanics program, phenanthrenoid, hexagonal
pattern appears on the torus. Figure 2 illustrates an idealized polyhex torus. However, after

optimization, the surface becomes flattened (see below).

FIGURE 2. Ty 40,c (idealized): (a) side view; (b) top view,
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any two subsequent rows. The cutting illustrated in Figure 3 is performed horizontally. This
pattern was previously used for tiling spherical fullerenes. [28]
In order to reduce the strain tension in pure polyhex tori, a number of pentagons and

heptagons were introduced. [23] When a pure Cs,C7 pattern is used, the lattice is called
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FIGURE 3. A C4,Cg pattern and its optimized form.










































