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Abstract. Covering a toroidal surface by quadrilaterals and their transformation by leapfrog
and other operations are illustrated.

INTRODUCTION

Carbon nanotubes and their closed, circular forms with toroidal shape have been
identified among the laser irradiated graphite products. [1-3] A torus can be viewed as a tube
with joint ends and, conversely, a tube can be understood as a cut torus. Since a torus is
covered by a continuous surface, any edge-vertex lattice embedded on that surface will
generate a polyhedral torus. As they can get rise from a graphite sheet, by a zone-folding
process, [4-6] it is conceivable to take the single-wall products as the objects of the covering
problems herein discussed. For general aspects in covering a graph, the reader can consult
refs. [7,8] We limit here to square-like tori and their transforms, obtainable by applying some
simple operations.
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TESSELLATING A TORUS

The most simple covering of a toroidal surface is by a rectangular (i.e. square-like)
net (Figure 1). When gluing, the tube ends can be forced offset, the resulting lattice being

twisted (see below). In our procedure it is called a v-twisting (i.e., vertex columns are

vertically shifted).
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FIGURE 1. Standard C, faces and a h-twisted pattern.

When the twisting shifts vertex rows horizontally it results in a h-twisted pattern (see Figure
1). Twisting can be achieved either to the right or to the left hand side. It is easier understood

if addressed to cyclic permutations. Examples are given below.

Tg,12,c4 (nontwisted) To,12,m6,c4
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Te.24,m2,04 () To244n2.c4 ()

The name of a torus T, pcs . generated by moving a c-membered cycle around
another n-membered cycle [9] must be completed by adding the twisting specifications: th and
tv, a third letter for the sense (e.g., thr — twist, horizontal, rectus), followed by the number of
twisted row faces (integers, between l-c, and 1-n, respectively).

For generating a rhomboidal pattern, pi/4 rotated with respect to the original square
faces of the torus, a transformation like that shown in Figure 2 is proposed. The term

“horizontal” reminds that horizontal edges are moved.
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FIGURE 2. Rhomboidal patterns rh

Nice tori can be thus obtained (see below): Te 12n,c4 is further transformed by adding
vertical edges in each of its faces to give Tg 12 4n,v,c3 » @ sequence of square bipyramids, joined
by a common triangle. If horizontal edges are added to Tg 2,44 One obtains the transform

To.12.0h4,C3- Both derived structures are regular graphs of degree 6, covered by triangles
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(i.e., deltahedranes [10] — denoted by Cs in the name of structure).

Te12.rh,c4 Te.12,0h0.C3

In continuing, let's add to structure Te 2,4, alternatively, horizontal and vertical
edges, so that no two original rhomboidal faces, sharing a common edge, have the same h or v
added edge. It results in a deltahedrane T 12,7n sre1,c3, Mmeaning the omnicapped transform (see
the next section) of the Ts )2 c4 rectangular lattice. Each of its faces is capped (stellated) by
pyramid-like relief. Such a structure can be made, of course, by adding a vertex over the

center of each square-like face, followed by joining it by each of the four corners.

LEAPFROG

Leapfrog transformation of a single-wall torus invelves the stellation of its faces
followed by dualization. [10]
Note that a torus is a closed surface. A combinatorial representation of a closed

surface is called a map M. [11] Stellation and dualization are operations on maps.

































