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Abstract

The arc-graph of a digraph is a directed generalization of the line-graph of an
undirected graph. Vertices of the arc-graph are arcs of a digraph; an ordered pair of
arcs of a digraph is a pair of adjacent vertices in its arc-graph if and only if the head
of the one arc coincides with the tail of the other, whether the remaining tail and
head coincide or not. Self-loops, if any, of a digraph are considered as arcs whose
head and tail coincide and participate in the above considerations as well.

The arc-graph of an undirected graph can also be constructed if one initially
replaces each edge of the second with opposite darts and then reverts to the above
pattern.

It is proven that the spectrum of a weighted (di-)graph admitting self-loops and
the spectrum of its weighted arc-graph coincide with accuracy to the number of
zero eigenvalues. Also, we give a partial result for the permanent of the adjacency

matrix of the arc-graph and speculate upon chemical relevance of the present study.

1 Preliminaries

Let D = D(V, L) be a digraph with the set V' of vertices and set L of arcs (self-loops,
if any, are considered as self-adjacent arcs whose head and tail coincide); |V| =n, |L| =L

The arc-graph I'(D) = I'(L, M) of a digraph D is a derivative digraph whose vertex set L
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is the set of ares of D; each ordered pair pg and rv of arcs, of I, is a pair of adjacent
vertices in " iff the head q of pg coincides with the tail 7 of rv (g = r), whether the
remaining tail p and head v coincide or not.

The arc-graph I'(G) of an undirected graph G = G(V, E) can also be constructed if we
initially replace each edge ij with a pair of opposite darts (1 < i,j < |V| =n;|E| = m).
which results in the so-called symmetric digraph S = S(G) = S(V, L) (|L| = 2|E| + the
number of self-loops, if any), and then revert to the above pattern.

For any weighted digraph D (D) may also be S) the corresponding weighted arc-graph
I'(D) is defined unambiguously. Let A = [ay)};_, and A(I'(D)) = [wui,=, denote
the weighted adjacency matrices of D and I'(D), respectively, wherein the entries are the
weights of respective arcs (self-loops); in the special case that D is an unweighted digraph,
the two matrices are reduced to matrices of zeros and ones. Under this, if b = pq and
¢ = qr is an ordered pair of incident (adjacent) arcs in D, the weight wy, of the derivative
arc be in I'(D) is just the weight ag of the second arc, gr, of D; however, w,, = 0 for
every pair, u and v, of nonadjacent arcs of D, disregarding any weights of v and v, in D.

In the arc-vertex incidency matrix B = [b,]i"_, of G, an entry b, = 1 if a vertex s is
the head of an arc 7 = pg (s = ¢) and b,, = 0 if s # p; obviously, B has exactly one 1
in row. In its weighted vertex-arc analog C = [, J77_,. an entry ¢, = @y, (an entry of
A(G)) if a vertex s is the tail of an arc 7 = pg (s = p) and ¢, = 0 if s # p; apparently,

C has just one nonzero entry in column.

2 The characteristic polynomial of the arc-graph
Our first statement is elementary but it will play an important role below.
Lemma 1. Let B and C be the two incidency matrices introduced above. Then
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Proof. Pick (1). The (i, j)-th entry of the product matrix BC'is 37, b;,c,;. Because B
has only one 1 in row, the last sum contains at most one nonzero summand. Since i and

7 are fixed, the nonzero summand b;,c,; requires that s is the head of an arc i = ps and



K and {J are completely symmerrical tnerein.
Here, we recall that the characteristic polynomial P(H;z) of any graph H is the
characteristic polynomial P(A(H);z) of its adjacency matrix A(H) [2].

;From the last crucial result, it immediately follows

Theorem 3. Let P(G;z) and P(I'(G); z) be the characteristic polynomial of an arbitrary
weighted (di-)graph G and that of its arc-graph I'(G), respectively. Then

P(P(G),z) = 2'""P(G;a), 4
where { and n are the numbers of vertices in I'(G) and G, respectively.

In other words, the spectra of I'(G) and G may differ only in the number of zero
eigenvalues and this difference in the multiplicities is |I — n|.

We would like to propose an elementary application. Let the adjacency matrix A(G),
of a weighted molecular graph G, be the matrix of the Hiickel Hamiltonian H of some
quantum-chemical system. Since there always exists the above derivative matrix A(I'(G)),
one may also raise a question about a derivative (non-Hermitian) Hamiltonian H* corre-

sponding to A(I"). Theoretically, H* must possess the same spectrum of eigenvalues that


















