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Abstract

We should like to demonstrate, how the computer algebra package SYM-
METRICA can be applied in order to evaluate the size of certain combinatorial
libraries of molecules, and, moreover, in order to evaluate a generating function
for counting the elements of such libraries by weight. The methods used are
the very same ones that can be applied for the enumeration of permutational
isomers. They are based on the work of Pdlya, and refined using results from
the representation theory of symmetric groups.

1 Permutational isomers

In the case when we want to obtain permutational isomers, say the isomers of dioxin,
we are given the skeleton of a molecule, for example, the skeleton of dioxin, which is

(after numbering the eight sites from 1 to 8)
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Morcover, we are given a set of ligands that we have to distribute over the set Y

say, of sites of the skeleton. In the case of dioxin, there are altogether 8 sites. and
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the set of ligands X is the set {H. Cl} consisting of hydrogen and chlorine only. The
question is. how many different molecules are there which arise fromn the skeleton by
attaching 4 hydrogen atoms and 4 chlorine atoms to the skeleton. It is well known
that there are exactly 22 of them. We should like to describe how this munber can
be obtained with the help of SYMMETRICA.

Pélya imtroduced a mathematical concept that allows to treat this case in a Incid
way ({1]) which also allows to cover the case of particular combinatorial libraries in a
completely analogous way as we shall show down below. He considered sets

V¥ = {f:X oY)
of mappings together with actions of a group G on X and the corresponding action
of Gon Y\ :
GxYYX Y (g, f) fog™h
In the case of permutational isomers, X is the set of sites, while }" is the set of
ligands — we used these notations already above — and G means the svinmetry
group of the skeleton. The set of mappings is the set of all the mathematically
possible attachments of ligands, while the classes of equivalent attachments are the
orbits G(f) of the symmetry group on the set of attachments. Hence the total set of
orbits
G\Y*¥
of G on Y consists of the classes of essentially different molecules. The desired set
of permutational isomers is just a complete set of representatives of these classes, a
so-called transversal.

The total number of these classes or permutational isomers can be evalualed using

the well-known Lemma of Cauchy-Frobenius which says that

v,
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where ¢(g) means the number of eyelic factors of g on X.

I the dioxin case it is very easy to apply this formula, since the symmetry gronp

G consists just of the following four permutations of the eight sites:

1, (16)(25)(34)(78). (12)(38)(47)(56). (15)(26)(37)(48).
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The number of cyclic factors is 8,4,4,4, respectively. Hence, depending on the nmuber
|V| of ligands, the total number of permutational isomers with this particular skeleton
is

 — i
VP +3¥1Y

vy different attachments of hydrogen or chlorine atoms
the the dioxin skeleton. The permutational isomers of dioxin form a subset of these
since we have to restrict attention to the attachments that contain exactly 4 hvdropen
and 4 chlorine atoms.

We therefore go one step further, we enumerate the attachments by weight, i.c. by
number of hydrogen and chlorine atoms. Pélya gave a solution for this more diflicnlt
problem, too. He proved that the generating function for the classes of attachments
by weight is the so-called group reduction function, a polynomial that is obtained
from the cyele index of the action of G on X :

Cye(G, X) = an;‘-m,

1

")

where @;(¢) means the number of i-cycles of ¢ on X. The action of the symmetry
group of the dioxin skeleton has the following cycle index:

L & 1

1(21 +323).

The group reduction function arises from Cye(G,X) by Pélya-substetution, which

means by replacing z; by the polynomial 3¢y yhe

Grf(G,X,Y) |C‘ZH Ej yula,

9eG i yeY

For our example this is the polynomial

1 . 24
10+ 1) + 307 + 2)")
= 'y? + 2y17y2 + lﬂyfyz + 1-11,,'l Uz + 22y,'-y2 + 111”2 + Iﬂyluz + ".)_u.uz + 05
Replacing 3, by the symbol H and #, by the symbol Cl and exponents by indices. we

obtain the generating function of the different attachments:

s+ 2H:Cly + 10OHCl + 14HCly + 22 H,Cly + 14H,Cly + LOHClg + 2H Clz 4 Ol
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The authors’ method is to start from a central molecule and then to add bulding blocks
that react with the central molecule in a well defined way. They mention in particular
the following central molecules which react with up to 21 different amino acids:
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The first is a cubane derivative, the second one a xanthene, and the third one is
a benzene triacid chlorine,

We are now in a position to apply the methods that were used for permutational
isomers: The set X now consists of the active sites of the central molecule, while the
set ) consists of amino acids. The set Y~ of mappings can be identified with all

the possible reactions with amino acids, the group G is the symmetry group of the





















