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Abstract
This paper uses the symmetry of graphs to calculate their Wiener numbers.
The methods apply to a great mumber of symmetric molecular graphs. Some
illustrative examples are presented.

1 Introduction

One of the most important ‘ topological’ (i. e. graph-theoretical) indices asso-
ciated with molecular graphs is the number W, which is used to quantify the
structure of organic molecules and was introduced in 1947 by Harold Wiener
in the seminal article!'!(and quoted in several other articles), as the ‘sum of
the topological distances’, that is,

Definition If G=(V, E) is a connected graph, and d: VX V—+N=
10, 1, 2, = | is the distance function on the graph, then we define the
Wiener number to be

W=W(G) = 2 duv),
[PT1i=
and for any given vertex » in V = V(G) , we define

Wu! G)= 2 d(u,v),

v
where d(u, v) is the distance between x and v, to be the partial Wiener

number of z (with respest to G).

In short, the Wiener number of a graph is the sum of all topological
(graph-theoretical ) distances between pairs of its vertices. Obviously we
have
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Physical chemists have found that there are strong correlationsbetween the

Wiener number W and a large number of physico-chemical properties such
as the boiling points, the heats of formation, atomization, isomerization and
vaporization, density, critical pressure, etc. A lot of chemical applications of

1)l gince the shortest path algorithm can be

W have been proposed, (st
used to find the Wiener number of molecular graphs. Thus the computation
of W by means of a computer is a solved task. However Chemists are often
interested in paper-and-pencil methods for the evaluation of W. Several pow-
erful methods have been developed by Wiener, Gutman, Yeh and oth-

’[J][

ers, LHIGIBIOT £ some classes of molecular graphs.

These results can be found in the recent review of 1. Gutman et af !}
In this paper, we will give a new method to evaluate the Wiener num-

ber for molecular graphs with symmetry. Our main idea is to use the orbits

of the automorphism groups to simplify the calculation so that we may give

an effective algorithm.

2 Symmetry and Point Groups

In order to discuss molecular symmetry, we first introduce symmetry opera-
tions. A symmetry operation is defined as an operation that moves a given
molecule (or generally, a three-dimentional object) from an initial state to
another, where the two states cannot be differentiated from each other.
Clearly all the symmetry operations of a molecule (or a 3-D object) form a
group (the multiplication of two operations in the group is the natural com-
position of the operations). This group is called the point group of the
molecule. For more detailed discussion about the axioms and theories of
group theory the reader can refer to any group theory textbook.

Next we recall the concept of orbits of a point group P as follows. Re-
gard the molecule as a graph with its elements as the vertices and the bonds
between elements as the edges of the graph. When an element p of P (that
is, a symmetry operation on the graph) operates on the graph, it gives the
vertices of the graph a permutation, that is, a one-to-one mapping. Let p
(x) denote the image of x under the mapping (operation). When there ex-



We first give the following theorem for general-case calculation when the
point group is not necessarily transitive.

Theorem 1 Let H< P, that is, H is a subgroup of P, and &,
Ly, oo & are the orbits of H. For each orbit, put y,€ 4, and ¢;= 4],
i=1,2,...,r. We have

W= 2 20-’ Ed(y,yf) T Za’, Zd(.‘r,y,

i=lj=i+l y€o& i=1  z€a,
i

Proof Since W (x| G) are equel for all vertices in the same orbit,

Wl i G =3 S W 6) = z’:a,‘W(y,‘ | 6)

u€V i=]1 u€

= Za.Z Zd(y.. B S T

j=1vea i=1j=1  v€a,

_22 20. Zd(v,y,) + ZG’, Zd(z,y,

i=lj=itl uEA

Thus by ( * ),




































