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Abstract: A new unsymmetric matrix, SZ, (unsymmetric Szeged matrix) is proposed by
analogy to the matrix C}J, (unsymmetric Cluj matrix) [1,2]. It 1s defined and exemplified both
for acyclic and cycle-containing structures. Its relation with the CJ, matrix is discussed. The

derived Szeged numbers are compared to the Wiener matrix- and Cluj matrix-derived numbers
and tested for separating and correlating ability on selected sets of graphs.

Introduction

The Wiener number, W, [3] is one of the most studied topological indices, both from
theoretical point of view and applications (the reader can consult two recent reviews [4,5]). It
is connected to the problem of distances in graph.

In acyclic structures, the Wiener number and its extension, hyper-Wiener number [6],

can be defined as edge/path contributions, 1., , to a global number, [
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where ¥; and N; denote the number of vertices lying on the two sides of the edge/path, e/p
(having the endpoints i and j). Edge/path contributions, I, are just the entries in the Wiener

matrices, W, and W, [7,8], from which I can be calculated as

1=(12) 5 X [Wepl; @

Within this paper, numbers (i.e. topological indices) are denoted by the corresponding
boldface italic symbols, whereas matrices (and their entries) by special capital letters. By sucha
notation we try to suggest the different graph-theoretical properties that different matrices
(providing 1dentical Wiener-type numbers) collect (see below).

When 1s defined on edge (i.¢. (i,j)€ E(G), where E(G) is the set of edges in graph), the
index I is a Wiener, W, , number. When is defined on path, (i.e. (i,j)eP(G), with P(G) being
the set of paths in graph) it is a hyper-Wiener, W, , number (also denoted WHW and R - see
[7,8]). The numbers W, and W, count all "external” paths passing through the two endpoints of
all edges/paths, (i,j) in graph.

Attempts have been made to extend the "edge contribution” definition (see eq 1) to

cycle-containing structures, {9-11] such as

L=(112) 22 €/ G ®

where Cj; 18 the number of the shortest paths between vertices i and j, and C°; denotes the
number of those shortest paths between i and j which contain the edge e. For the I,
contributions, Lukovits and Linert [9] have proposed a definition which resulted in a variant of
hyper-Wiener number.

An alternative definition [12,13] of Wiener-type numbers is based on the distance

matrix,

I=q1 IZ)ZiZj{Dw Iy )
where 1D, is just the classical 1D matrix, whereas I, is the "distance path” matrix [13]. The

Wiener number, D. , and the hyper-Wiener number, £, , count all "internal” paths of length
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|e/p| contained in all shortest paths in graph [1,13]. Note that, in acyclic structures D=HW.
and D,=W, .
I3, matrix is defined [13] as

D],
1D+ ”

!Dvlu = [ 2

and since it is derived from the 10, matrix, the definition (4) is valid both for acyclic and cyclic
structures. The 13, matrix is illustrated in Figure 1, for the graph 1 (1-Methyl,2-

ethylcyclopropane).

Szeged Matrices

One of us has proposed a Wiener analogue, referred to as the Szeged number, SZ ,
[14-19]. It is defined according to eq 1 but the sets N; and N; are defined so that eq 1 remains

valid both for acyclic and cycle-containing graphs

Nip= ful ueV(G); [D.Ju < [Delu )l (6)

Niep= {ul ueV(G); D)y < D]l )

Thus, N; and N; represent the cardinality of the sets of vertices closer to i and to j, respectively,
vertices equidistant to i and j are not counted.

By analogy to the Wiener matrices, the entries in the Szeged matrices can be defined as
edge/path contributions,

[SZ,.,),=N,..N, . (8)

eiply ieipd¥ jeip

and consequently the global index f can be written as



1=(U2) 2.2 [SZen)ij e

When is defined on edge, the index [ is a Szeged, SZ, , number, when is defined on
path, it is a hyper-Szeged, SZ, , number and, finally, when path is larger than unity (i.e.
|p | >1) it is & Asz number (see Figure 1)

By analogy to the Cluj matrix, CJ, , [1,2] a Szeged analogue matrix, SZ, , can be

defined

52,1, = [{u [u eV(G): D), <[D.],}

(10)

S$Z, 1s a square (in general) unsymmetric matrix, of dimensions NxN. It is constructed

by the principle of unsymmetric (i.e. single point) characterization of a path [13] The Clyj

matrix, CJ,, differs from SZ, , by the supplementary condition: (i,u)~(i,j}=max({i}).
S§7, matrix allows the construction of the symmetric matrices SZ.; , (see Figure 1) by

relation
[SZC"p ]ij & [SZ\I ]‘J [SZN]Ji (11)

and the dervation of two Wiener-type indices, as
1=/, [52,,l, = [SZL,I5Z], (12)

The index defined on edge is identical both in Szeged and Cluj matrices while the index
defined on path is different. In other words, the above mentioned supplementary condition acts
only when £ is defined on path. Thus, SZ. = CJ. in any graph whercas SZ, = CJ, in most
graphs (except, e.g. three- to five-membered simple cycles). In tree graphs, the index defined
on edge s identical in Wiener, Szeged and Clu) matrices. Values of Wiener and Szeged indices

in the set of octane isomers are listed in Table i




































