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Abstract: Novel Schultz analogue indices: DI and HI are defined via matrix algebra, by using

weighted (with distance and reciprocal distance, respectively) walk degrees. They are related
to the well known indices: molecular topological index, MTI, Wiener index, W and hyper-

Wiener index, R, and numerical comparisons are made for the set of octane isomers and

other selected graphs.

Introduction.

In 1989 Schultz has introduced the so called Molecular Topological Index, MTI

( known also as the Schultz index ), by the relation [89Sch]

N
MTI = MTI(G) = 2_[v(A + D)},

where A and D are the adjacency and (he distance mainices, respeclively and v = (vy, V..., ¥)

is the vector of the vertex valencies / degrees in the graph G. This index has received much
attention from both its originator 90Sch, 91Sch, 92S8chl, 92Sch2, 93Schl, 93Sch2, 94Schi

and other scientists [92Kle, 92Mih, 93Pla, 94Gat].

“part. 22, ref. [95Diu].



-86 -

By applying the matrix algebraic operations, the MTI can be decomposed [92Mih,
93Sch2, 94Gut] as

N N
MTI=2 2 JA? + AD}; = A, + Sp @
1=1j=1
where
N N N
A, = Ay (G) = LA = (v 3
1=1 J=1 (B
N N
Sp =8p(G) = 2 2 |AD} @

o
L
s

=1

The term A, represents the sum of the entries of the square adjacency matrix and equals
the squares of the vertex valencies in G. It is a well known graph invariant [75Gut, 94Gut,
R3Tri] but tavially related 1o the molecular structure. The nontrivial part of MTT is the term Sp,
for which Gutman [94Gut] found some interesting relations, i.e.

N 1 N N
Sp = 2ZwDS; =3 2 X [v, + v,ID, B3)
t=1 I1=1)=1

where DS, stands for the sum of distances from the vertex i to all vertices of G.

For acyclic structures, there is a linear correlation between the quantity Sp and the
Wiener index, W [94Gut]

$p=4W - N(N-1) )
and also between MTI and W [92Klc]

MTI = 4W + 2P, - (N-1)}(N-2) N

where P is the number of paths of length 2 ( or the number of Platt [47Pla], or also the
number of Gordon - Scantlebury [64Gor] ).
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Recall that the Wiener index, in acyclic structures, can be calculated [47Wie] by

W ;NL.QNR,E ®

where
NL,, + NR,,._ =N(G) )

Npe Ng. being the number of vertices lying to the left ant to the right of edge e, and the
summation runs over all edges of acyclic graph G.

Randi¢ [93Ran] extended the definition (8) for all paths of G, thus resulting a new
Wiener - related index, denominated “ hyper-Wiener , R :

R=2ZN,Ng, (10)
14

Nip » Ng, being the number of vertices to the left ant to the right of the two ends of the path p,
and the sum is over all paths of G.
Note that none of the eqgs (6) to (10) holds for cycle-containing graphs.

Very recently, Klein, Lukovitz and Gutman |95Kle| gave the straight relation between
Rand W

R = [MOM(D?) + W]/2 an

where MOM(DY) is the unnormalized second moment of distance. When W is calculated by
Hosoya relation [71Hos]

1 N N
W=W(G)= iEE"’h 12)

itis obvious that eq (11) also holds for cycle-containing graphs.
In this paper, two Schultz analogue indices are proposed and compared with the well-
know W, MTI and R indices, within the octane isomers and other selected graphs.
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Distance Walk Degrees and the Wiener Index

A walk, W is a continuous sequence of cdges e € E(G) [83Tril; it is allowed that its
edges and vertices to be revisited. The number (e) of edges traversed is called the length of
walk, The number of walks, of length (e), starting at the vertex i is called the walk degree, W,
[94Diu] ( or atomic walk count [92va, 93Riic] ). This quantity can be easily obtained [6911ar]
from the €® power A® of the adjacency malrix, as

we = (A%, 13

JEV(G)

Walk degrees W, can be also evaluated from vertex degrees / valences v, ( which equal
the walk degree of elongation 1, Wy® ) by iterative summation over all neighbours, as Morgan
[65Mor] proposed for his extended connectivities, ECs. Several authors [82Raz, 93Riic, 93Fig]
demonstrated the identity between EC, and W,®. In a recent paper, [94Diul], we presented an
additive algorithm which, implemented on the adjacency matrix ( or other quadratic topological
matrix ), offers walk degrees ( or weighted walk degrees ) of various length. When the base
malrix is D, a matrix (D)W is defined, as (he sum between D and a diagonal matrix, W
( of walk degrees ) :

D+ W® = D)w® (14
whose elements are

(D)WY, = ?(th' (DYWE); (DYWD; =1 (13)

I(D)w(ﬂl)lu - I(D)w(')]u = [DL] ae)

The diagonal entries [(DYW®], represent the sum of elements of the matrix D on the
row i, or the “ distance walk “ degrees, ('D)AW|('l



with “ H being (he Harary number (of rank e ).

Schultz analogue indices

By using the walk degree vector W = (W, W, W@ ) the Schultz index can
be written as

N
MTI = MTI(C)= 2, (WP (A + D)), 20)
=1
Now it is conceivable to substitute, in eq. (20), the vector W" by the weighted walk degree

vectors (DW® and (HOW® ( and their corresponding matrices ), to obtained two indices : DI
and HI, respectively













































