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ABSTRACT

It is shown that generalized inverse matrices of Laplace-Kir-
chhoff matrices, Eichinger matrices E, are inverse matrices of
perturbed Laplace-Kirchhoff matrices. Similarly, singular dis-
tance matrices have inverses, when perturbed. The slightest

perturbation is necessary for long chains.
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Introductien

Properties of chemical bonds of molecules are related
with eigenvalues of their adjacency matrices A, which were
therefore studied intensively [1]. Great interest was paid to
distance matrices D. They are connected with the oldest topo-
logical index, the Wiener number W, which is one half of the
sum of elements of the distance matrix [2,3].

Only recently, chemical applications of Laplace-Kirchhoff
matrices aroused interest [4-9], although they have been used
in crystallography [10].

The Laplace-Kirchhoff matrix is a quadratic form of the
incidence matrix S of an oriented graph

s's=v-a (1)

where V is the diagonal matrix of vertex degrees, and g
is the transposed matrix S.

For linear chains and simple n-cycles Eichinger [11] de-
fined generalized 1inverses to the corresponding Laplace-Kir-
chhoff matrices by way of the matrix equation

S'SE = nU (2)
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where U is the generalized unit matrix :
T
U=1-1/nJJ
I is the diagonal unit matrix,
J is the unit vector-column,
nU is identical with the Laplace-Kirchhoff matrix of the com-

plete graph, n being the number of vertices.
Recently, Klein and Randic [12] proposed for finding

the generalized inverses of s's equation (3)
2= (ss + 3N -y (3)
where they used the constant c=1/n2. and applied such in-
verses for finding the resistance distances in graphs.

I found that some classes (and examples of small graphs)
of matrices obtained by a Moebius inversion of the Ulam sub-
graph conjecture [13]

E=3_ (5 s's)" (4)
J=1 ]
where ajn is the matrix M with jth row and column deleted

(their elements are zeroes), have properties of the generali-

zed inverse of the Laplace-Kirchhoff natrices.
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The elements of such E matrices (E as Eichinger) of trees
correspond to distance sums, eJJ is the sum of distances of
the vertex J to all other vertices Zl d‘j, elj for i#j
is the sum of distances of the vertex i diminished by walks
passed between vertices i and j. The inverses E were verified
at trees, simple n-cycles and complete graphs by direct
counts. For simple n-cycles, the elements of the Eichinger
matrices are

e = (2] +(2)]

and for complete graphs E = U.

The generalized inverses of s's according to the equa-

tions (3) and (4) differ sometimes. E. g. for star 54

Equation 3 Equation 4
1/16 3 =1 =1 = 174/ 3 2 2 2
=1 1T =5 =5 2 5 1 i
=1 =5 ¥ =5 2 1 5 1
=1 =5 =5 11 2 1 1 5

Since S'SJ'J = 0, there can be infinite many generalized

inverses of S'S differing by cJJ.
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Eichinger matrices with known elements have an important
property. They are nonsingular and therefore they have inver-
ses E ' with the properties

s's = nue™ EE' = I

In this paper inverses of Eichinger and distance matrices

of several types of graphs are studied.
Perturbed Laplace-Kirchhoff matrices

The difference matrix X between a Laplace-Kirchhoff mat-
rix s'S and the inverse of its Eichinger matrix must yield
the difference between matrices I and U, which is 1/nJJ".

(s's + X)E = U + 1/nJJ" = I.

Because the row and column sums of Eichinger matrices are
constant, it was possible to formulate the following conjectu-
re and prove it for trees, simple cycles and complete graphs.

CONJECTURE: An Fichinger matrix is the inverse of the
Laplace-Kirchhoff matrix perturbed by a fraction c of the
quadratic unit matrix

E=T) (5887 = (s + a7



rivvl 1Vl Slple Lyvles. rlom Lue 1eCUlIelre 1e1deiun 1ul
Eichinger matrices of simple cycles [13] follows, that row and
column sums of their elements are constant, too. They are gi-

ven by the sums of binomial coefficients

Ve=-3_ e =t |[BH = ¥ =
i=1 1) 3 k=0 3
= n-1 n+l _ n+l
-1/n[[3] +2{4]] _1/2[3]
Proof for complete graphs: It is given by the definition.
The sum of matrix elements is just (n - 1) = 1/c.
Interesting results were obtained for a disconnected

graph, e. g. G = L2+ La' It was necessary to find at first the



























