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ABSTRACT

It is shown that distance matrices D (where di. is squared

bl
graph distance between vertices i and j) are equivalent with
quadratic forms cc’ of coordinate matrices C, (which elements
cij are coordinates of vertices i1 on axes j) in the differen-

T T T 1" s P
ces -2SCC°S" = SDS  (where S is the transposed incidence mat-

rix of the oriented complete graph Km).
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Introduction

Topological distance matrices were used extensively, till
Trinajsti.c with coworkers formulated geometrical distance mat-
rices [1], where elements counting the number of arcs between
vertices 1j were replaced by straight geometrical distances of
atoms in molecules, corresponding to the graph.

It was found, that distance matrices of trees form a part
of the inverse of their incidence matrices S, SDST = -21 (2,
3]. In this note, a relation between coordinate and distance
matrices will be shown.

Coordinate matrices

A possibility, how to define positions of points in the
space, is to give their coordinates in a system of orthogonal
axes. Such a list forms a coordinate matrix C of type m*n,
which elements €, are coordinates of m points i (vertices) in
n axes. The quadratic forms CCT of coordinate matrices have on
the diagonal squared Euclidean distances of each vertex from
the center of the coordinate a system. Off-diagonal elements a-

re quadratic products of Euclidean distances of vertices i and
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j from the center. Thus, the structure of these matrices is
different from distance matrices D, where the diagonal elements
are zeroes. Newertheless, both kind of matrices are equivalent,
because their products with incidence matrices S of oriented
complete graphs Km (sU = -1, if the arc i goes from the vertex
¥ si =1, if the arc i goes to the vertex j, si} = 0 otherwi-
se) are identical to a constant -2SCC'S' = SDS'.

This relation is explained by the formal construction of
a distance matrix from the coordinate one. It can be shown sim-
ply on an example of coordinates of a linear chain with 4 ver-
tices, spanned on a axis L(1} and winded by two ways on the
unit cube L(3) and L(4), respectively. Distances between verti-
ces of the linear chain L(4), spanned on the 4 dimensional cube

diagonally, cross its 2 dimensional faces and are longer.

L(1) L(3) L(4)
0 0o 0 o 1 0 0 o0
1 1 0 o0 0o 1 0 0
2 11 0 0O 0 1 0
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Multiplying the quadratic form ool (square m*m matrix) with
T T : T (M
S from the left S and by S from the right, where S is am (é

matrix, here

o o0 © 1 1 1
we get {g)* (2) matrices which have on diagonals L(1):(1, 4, 1,
9, 4, 1), L(3): (1, 2, 1, 3, 2, 1) and L(4): (2, 2, 2, 2, 2,
2}, respectively. In all cases these numbers are squares of
Euclidean distances d1J in corresponding spaces [4].

These diagonals can be transformed into distance matrices
by the other quadratic form of the incidence matrix STS, if we
multiply inside of this product by the diagonal matrices which
elements are distances d?J: ST(diagonal d?J)S ='Q - D, where
Q is the diagonal matrix of row or colum sums of suares of
Euclidean distances of the vertex j to all other vertices. Sin-
ce all off- diagonal elements are always negative, the result

does not depend on orientations of arcs. Otherwise, we find at
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first the product (diagonal dlj]S and then its quadratic form

s’ (diagonal d‘)) (diagonal le)S. At given examples we get

L(1) L(3) L(4)
14 -1 -4 -9 6 =1 -2 =3 B =2 =2 =Z
-1 6 -1 -4 =1 4 -1 -2 =2 6 =2 =2
-4 -1 6 -1 =2 =i 4 =] =2 =2 6 -2
-9 -4 -1 14 =8 =2 =4 6 =2 =2 =2 6

The quadratic form SST itself has on the diagonal 2. These
elements count the number of vertices adjacent to each arc. But
ss’ is identical with SIS’ or SI°S", where I is the unit diago-
nal matrix, these numbers can be Iinterpreted as squared
distances in the product SCC'S" of chain L(4). Off-diagonal e-
lements form an ajacency matrix of the corresponding bond graph
and determine orientations of adjacent arcs.

A symmetric matrix M inside the quadratic forms sM)s” or
ST[M]S transforms the output of the whole form by weighting. In
our cases these weights were distances dsj' They can be adja-

cencies alj, too. Then ST(diagonal aiJ)S is known as the Lapla-
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ce-Kirchhoff matrix (V-A), where V is a diagonal matrix of ver-
tex degrees v, = z aiJ and A is the adjacency matrix.

Using the unit diagonal weighting matrix of the dimension
(2], the quadr a tic form ST('E )S has on the diagonal of the
length n a sum of squares of distances dij or adjacencies a”.
If the quadratic form ss’ is weighted by CCT, true weights ap-
pear, and their double, if it is weighted by D or A, because
each weight appears twice as ij and ji elements in the distance
ajacency matrices.

At topological graphs, if d1j = 1, then alj = 1, if

d|j>1’ then aij = 0. This relation between distances and adja-

cencies can be wieved as a limit of negative moments k of dis-
tances a = lim 1/dk . This is true for matrices of graphs
] k->m 5}
without multiple arcs.
Another simple example is a unit square with the center.
It can be placed arbitrary onto the plane. Lets be C(A) and

C(B) two possible coordinate matrices of its corners and its

center
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c(a ) 0 o c(B) || o 142
1 0 S il
1/2 172 0 0
0o 1 i g
i, 4 0 ={7p’e

The distance matrix D of these five points is in both cases

identical and does not depend on connectivity of the points

0 1 172 1 2
1 0 1/2 2 1
1/2 172 0 1/2 1/2
1 2 1rs2 0 1
2 1 172 1 0

The structure of the product sps’ was already shown [3] to
be a difference of distances. At the product SCC'S', it is suf-
ficient to analyze, what elements of SC are. They. are differen-
ces of coordinates corresponding to each arc 1ij. Each arc is

weighted differently in each column according ils anglce Lo the

corresponding axis.



- 200 -

Induced distances

Klein and Randlc [5] introduced recently the notion of re-
sistance distances induced by electrical forces in networks
with resistances and capacities. The square graph C4 distances
are changed into induced distances as follows

0 1 2 1 0 374 1 374

1 0 1 2

2 1 0 1

1 2 1 0 3/4 1 374 0

This change can be explained as 1if electrical forces
squeezed the graph from the original planar form into the
deformed tetrahedron. The corresponding change of coordinates

computed by operation SCCTST is e. g.

0 0 0 0 0
10 172 ’% @ 172
11 179 gyl g

0o 1 a 1722 172
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Discussion

Matrices are known as operators acting on vectors. There-
fore, the incidence matrices S of complete graph graphs Krl a=
re operators, too. Vectors can have matrix form M. Matrix mul-
tiplications from the left and from the right have different
effect. To SM and MS products, their quadratic forms exist
&ﬂFST and STHTMS, respectively. Since these forms contain all
elements twice, once as sums on the diagonal and once as off-
diagonal elements, they can be split into matrices of diagonal
and off-diagonal elements. Larger diagonal matrices are
compacted by the operation ST(*)S, into matrices (Q-D) or (V-A)
respectively. Off-diagonal elements, put inside the operator
s(*)s’, appear back on the diagonal. Both operators form
a loop. It is not easy to say, what is inside and what is out-
side.

At oriented graphs with simple arcs, adjacencies and dis-
tances are inverse elements. It was shown already at trees by
inversing their ss’ matrices [6] or by generalized inversing

their STS matrices [3].
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When the graph theory was applied on chemical problenms,
new topological indices were introduced empirically many times,
which were not consistent with another algebraic properties of
graphs.

By embedding of molecules into the three dimensional spa-
ce, topological distances are replaced by geometrical ones,
which are squares of Euclidean distances as topological distan-
ces are. Because graphs are isomorphic without regard on their
shape, this dimensionality is a secondary one [7].

As adjacencies alj, negative infinite moments of distances
dl} can be used at graphs without multiple bonds. Accepting
chemical experience, that at multiple bonds distances are shor-
ter, we find from correlation of actual distances between car-
bon atoms connected with simple, double and triple bonds, 1.54
1.33 and 1.20, respectively as the effective moment k relating
distances to multiplicities about -4.40 (3 = (1.54/1.20)k, the

relation is not strictly 1linear between double and triple
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bonds). Using this value for calculating adjacencies a ; indu-
ced by longer distances between atoms, we get as the distance
increment in the adjacency matrix value 0.0472 for the distance
2 and 0.0079 for the distance 3, respectively. These values se-
em to be reasonable as the damping action of distance on forces
between atoms.

The relation between  distance and coordinate matrices
together with the notion of resistance distances could be im-
portant especially in crystallography [2].
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