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(Abstract) A topological formula is presented which states that the
summation of the numbers of vertices of polygons in a polygonal (planar)
graph is equal to adding together the number of divalent vertices on the
periphery, twice the number of divalent vertices in the interior, twice the
number of trivalent vertices on the periphery, and treble the number of
trivalent vertices in the interior. From this formula and the cyclomatic
number in graph theory, a large number of topological formulas are
derived. Using some of them we can choose pairs of molecular variables
which classify hydrocarbon molecular formulas; the upper/lower bounds

for the pairs complete the mathematical control of the classification.

Glossary of Symbols

In a chemical polygonal graph G:

T vertex having degree 3 (trivalent)

D vertex having degree 2 (divalent)

nt  number of T's (= n7p + nti)

np numberof D's (= npp + Npi)

ntp total number of vertices (= nt + np)
ntp number of peripheral T's
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nti number of internal T's

npp number of peripheral D's

npi number of internal D's

ng number of components of G

ne total number of edges

nj number of polygonal faces composed of j vertices
ngg number of hexagonal faces

nh  total number of holes

Lg  cyclomatic number for G

Wi newly defined number for the internal graph of G
d(} increment in the variable ()

k integer parameter

In a hydrocarbon molecular formula:

nc  number of carbon atoms

ny  number of hydrogen atoms

nR number of D's unattached by hydrogens (radical sites) on the
periphery

(The detailed definitions of symbols will be expalined below.)

Intr i

Polygonal graphs in chemistry are formed from tetragons, pentagons,
hexagons, and some other polygons. Such a chemical polygonal system
represents, far example, a polycyclic hydrocarbon (hydrogen-depleted)
structure.  Several topological formulas in connection with polygonal
graphs are known in the chemical literature?-6), but some of them and
relationships between them are not rigorously founded on mathematics.
We prove that a topological formula for polygonal graphs relates the
number of polygonal faces to the number of vertices, and show that a
combination of this formula and the cyclomatic number in graph theory
yields a large number of topological and/or graph-theoretical formulas.
A particular case, where graphs are connected and faces are all hexagonal,

is discussed in detail.
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In the isomer enumeration of a given class of molecular formulas the
first step is to separate it so that each different part has similar
characteristics. Dias!) adopted two kinds of topological variable, the
number of trivalent vertices in the interior and the number of
disconnections, in order to classify hydrocarbon molecular formulas;
however, there is no mathematical basis for his procedure. We describe
how an inequality relation introduced by Harary and Harborth?) improves
the mathematical background to Dias's tables. A table is presented,
where an alternative pair of topological variables classifies hydrocarbon

molecular formulas.

Fig. 1 Examples of Polygonal Graphs (Isomorphic)

Chemical Polygonal Formulas

Let us assume that a polygonal (planar) graph G is constructed by the
supplement of one polygonal face composed of j vertices to another
polygonal (planar) graph G', and that the j-gonal face is formed by the
attachment of p paths to G'. The j-gonal face is composed of three kinds
of parts: (i) The a vertices having degree 2 that constitute the p paths,
where the endpoints are not counted. (i) The b vertices having degree 3

on the periphery of G'.  (iii) The 2p + ¢ vertices having degree 2 of G,



and there is no change in internal T's other than (ii); namely, d(nTi) = b.
The number of the peripheral T's increases in (iii) , and decreases in (ii);

namely, d(ntp) =2p - b. Clearly d(nfj) = 1 in the j-gon formation. ~ Hence,

d(npp) + 2d(npi) + 2d(nTp) + 3d(nTi) - jd(nj) =a+b+c+2p-j=0

which means that the value, npp + 2npj + 2nTp + 3nTj - jxngj, is a constant,
i.e., an invariant in the j-gon formation. The constant becomes zero,
even though any kind of polygon (j = 3} is chosen as the starting (initial)
molecule that consists of only D's; e.g., 6 + 2x0 + 2x0 + 3x0 - 6x1 = 0 for
benzene.

Summing all the j-gonal faces for ng components of a polygonal graph G

up yields the same constant zero.  Therefore we conclude that

npp + 2npj + 2n1p + 3nTi= X j*ng (ng21,np20) (1)
j(=3)






























