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Abstract: The first derivative of the independence polynomial of a graph
is expressed as a sum of independence polynomials of its cer-
tain subgraphs. Analogous results are obtained alse for the
matching polynomials. This makes possible to unify and ratio-
nalize a number a previously known results for these graph po-
lynomials and to gain a deeper insight into their combinato-
rial and analytical properties. A detalled outline of the phy-
sico-chemical applications of these polynomials is given in
the Introduction.

INTRODUCTION

In this paper we are concerned with graph pelynomials whose coeffi-

clents are the numbers n{(G,k) and m(G, k).

Definition 1. The number cof ways in which k, k = 2, independent (i.e.
mutually nonadjacent) vertices can be selected in a graph G is denoted
by n(G,k). In addition to this, n{(G,0) = 1 and n(G,1) = number of verti-

ces of the graph G.
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Definition 2. The number of ways in which k, k = 2, independent (i.e.
mutually nonincident) edges can be selected in a graph G is denoted by
m(G,k). In addition to this, m(G,0) = 1 and m(G,1) = number of edges of

the graph G.
The independence polynomial of the graph G is then defined as

0 (C) = (G x) = § n(Gk =* . (1 2)
k=0

This object seems to be first examined by Motoyama and Hosoya in 1977
and named “king polynomial" [1]. They, however, defined it for (square)
lattices rather than for general graphs. The appropriate graph-theore-
tical reformulation of this concept was given by Balasubramanian and
Ramaraj [2] who used the name "color polynomial". In the meantime the
present author independently introduced w. within an algebraic approach
to Clar's aromatic sextet theory [3]; somewhat later similar ideas were
put forward by Herndon and Hosoya [4]. A systematic study of the mathe-
matical properties of the independence polynomial was undertaken by
Gutman and Harary [5] and quite recently by Hoede and L1 [6].

In addition to its application in the Clar aromatic sextet theory
[3,7], the independence polyncmial is also worth studying because of its
relation to the partition function for the magnetic properties of tran-
sition metal crystals [1,8], its role in the kinetics of adsorption of
diatomic molecules on metal surfaces [1,9] and its usgae in the modeling
of some other physico-chemical phenomena [1,2].

The so-called matching polynomial has a somewhat unusual history
[(10]. In 1971 Hosoya put forward his topological index 2 [11]. For this

purpose he used an auxiliary "Z-counting polynomial":

@ (G) =a (G x) = F mlGK) 2 . (2 a)
k=0
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Another object of the same kind, namely

k 2k

«(G) = alG, x) = § (-1)° m(G,k) x"

k=0

(2 b)

plays a dlstingulshed role in the so-called monomer-dimer theory of sta-
tistical physics and was studied in some detail especially by Heilmann
and Lieb [12]. Somewhat later a was rediscovered within a theory of re-
sonance energy [13,14) and was named "acyclic" [13] and “reference" [14]
polynomial. The name matching polynomial was first utilized by Farrell
[15] who independently arrived at it within a combinatorial context. The
theory of the matching polynomial was eventually extensively elaborated
(10,16,17] and a large number of its remarkable mathematical properties
were discovered.

Whereas the quantities u' and u‘, defined via egs. (la) and (2a),
are fully analogous, there is no independence-polynomial counterpart of
«, eq. (2b). As we demenstrate in the subsequent sections, the pertinent

form of such an independence polyncmial seems to be

wlG) = w(G, x) = T (-1 nlG,k) " . (1 b)
k=0

In this section we briefly outlined the main applications of the
matching and independence polynomials in various fields of theoretical
physics, theoretical chemistry and physical chemistry. These numerous
applications suggest that the two polynomials might have interesting and
non-trivial mathematical properties, and that their study is Jjustified
from the point of view of natural sciences and mathematical chemistry in
particular. Indeed, many such studies have already been undertaken and
quite a few intriguing results have been obtained (see, for instance,
[6,10,17,18]). Nevertheless, analytical properties of the matching and

independence polynomials (i.e. propereties related to their derivatives
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and integrals) have so far attracted little attention of researchers.
The present paper is aimed to partially fill this gap and, hopefully, to

initiate further investigations along the same line.

THE FIRST DERIVATIVE OF THE MATCHING AND INDEPENDENCE POLYNOMIALS

In [19] a result for the matching polynomial was reported which we

restate in the form of

Theorem 1. The first derivative of the matching polynomial «, defined

via eq. (2 b), conforms to the identity

(d/dx) «(G) = ¥ «(G-v) (3)

v
where G-v denotes the subgraph cbtained by deleting the vertex v from

the graph G, and where the summation goes over all vertices of G.

The vertex-deleted subgraph G-v is often called an Ulam subgraph
[18]. Recall also that relations analogous to (3) hold in the case of
the characteristic [17,20,21] as well as the p-polynomial [22].

Similar, but not fully analogous, relations hold also for the poly-
nomials a’, @ and w'. We state them in the following three theorems. The
formal demonstration of the validity of Theorems 2-4 as well as a novel
proef of Theorem 1, completely different from the reasoning employed in

(18], has been published elsewhere [23].

=
Theorem 2. The first derivative of the matching polynomial &« , defined

via eq. (2a), conforms fo the identity

(d/dx) a‘(G) = T a.(G-u—v) (4)

el{uv)

where e(uv) denotes an edge of the graph G whose endpoints are u and v,



























