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Abstract
It is shown that if a graph is cocircuit with a nearly regular
graph , then it must aiso be nearly regular and have the same valency
sequence . This result is then used to establish the characterizations of
severail Tamilies of nearly regular graphs by the circuit polynomial .
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1. Basic Definitions

We consider only graphs that are finite ,loopless and containing
no multiple edges . Let G be a graph . We define a circuit {(cycle) with one
and two nodes in G to be a node and an edge respectively . Circuits with
more than two nodes are called proper circuits . A circult cover of 6
15 a spanning subgraph of G In which all the components are circults.

Let us assoclate an Indeterminate or weight wg with each

circuit in G and the monomial w(S) =, w, , with each circuit cover S ;

where the product is taken over all the components inS. Then the circuit
polynomial of G Is
C(G;w) =T w(S),

where the summation 1s taken over all the circult covers of G, and w
( called the weight vector ) is avector of the indeterminates w,, .
For example , let G be the following graph . We will assign the weight w,.

to each cycle with r nodes .

G has one cover consisting or four isolated nodes . This cover

has weight w 4 6 has four edges and therefore four covers consisting of

an edge together with two isolated nodes . The welght of each such cover

is w!2

wo . Therefore the contribution of these covers to the circuit
polynomial is 4w|2w9‘ G has one cover consisting of a triangle , together
with an isolated node .The weight of this cover is wwy . Finally , G has

one cover consisting of a pair of independent edges . The welight of this



cover 1s w22. Hence the circuit polynomial of G is

C(G;w )=w|4' 4w|2w2' Wws+ w22 .

The circuit polynomial was iIntroduced in Farrell [2) . It has
been shown in Farrell [3], that both the characteristic polynomial and the
matching polynemial are speclal cases of the circutt polynomial . Thus ,
the circuit polynomial is an interesting combinatorial tool . In this paper ,

we assign the weight w. to each cycle withr nodes . Therefore

W=(Wy, Wy, Wy ), where p is the number of nodes InG .

The most baslc result about circuit polynomials Is the
following lemma which is taken from Farrell [3] .
Lemma 1(The Fundamental Edge Theorem)
Let G be a graph and xy an edge in G . Then
C(G;w) = C(G';w) + W, C(6-(x,y) ;w) + C(G*;W),

where G' is the graph obtained from G by deleting xy , G-(x,y) is the graph
obtained from G by removing the nodes x and y and G* is the graph whose
covers are restricted to always contain the edge xy .

This result 1s essentially the Fundamental Theorem given In [2].
It is quite useful for finding circuit polynomials of arbitrary graphs . We
can apply the lemma recursively to smaller and smaller graphs until we
obtain graphs whose circult polynomials can be immediately written down.
We will refer to this algorithm as the edge reduction process .

The following example itlustrates the edge reduction
process . The “plvotal” edge used in each application of Lemma 1 is
highlighted . By summing the final contributions given in the boxes in the
diagram , the circuit polynomial of G is obtained
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IT we restrict the covers to those containing nodes and edges
only , then the resulting circuit polynomial is called the matching
polynomial of G. Thus every circult polynomial can be written as

C(G;w) - M(G;w) + C(G*;w) ,
where M(G;w) is the matching polynomial of G and C(G*;w) 15 a polynomial
over w , containing all the monomials corresponding to circult covers of 6
with at least one proper cycle . IT G has no proper cycles ,then C(G*;w) = 0.

Let G be a graph. We say that C(G;w) characterizes G if and
only I C(G;w) = C(H;w) implies that H=G. In this case , we also say that
G Is circult unique . It has been shown (Farrell and Guo [S) ) that many of
the well known famflies of graphs are circuit unique . These include







































