mefeh no. 24 pp. 311-316 1989

ON THE NUMBER OF KEKULé STRUCTURES OF UMBRANCHED BENZENOIL CHAINS

Ratko Tosi¢ and Olga Bodroza
Institute of Mathematics, University of Novi Sad, 21000 Novi Sad,
Yugoslavia
(Received: Junc 1988)

ABSTRACT. A new polynomial expression is obtained for the number
of Kekulé structures (K numbers) of an arbitrary unbranched benze-
noid chain composed from n linearly condensed segments containing
Xys Xgseos X hexagons respectively.

1. INTRODUCTION

The enumeration of Kekulé structures (perfect matchinqgs) of
benzenoid polycyclic hydrocarbons is important because the stabi-
lity and many other properties of these hydrocarbons have been
found to correlate with the number of their Kekulé structures.

The classical paper of Gordon and Davison [5] contains a ge-
neral algorithm for the enumeration of Kekulé structures (K num-
bers) of catacondensed benzencids, branched and unbranched. Cyvin
[2] gave an alternative derivation for the case of unbranched
chains. This case was revisited by Cyvin and Gutman [3], who pro-
duced a useful modification of the Gordon and Davison algorithm.
To§i¢ [7] gave an improved algorithm of time complexity O(n) for
caleulating the number of Kekulé structures of an arbitrary unbran-
ched benzenoid chain composed from n linearly condensed seaments.

Balaban and Tomescu [1] elaborated a system for producing ex-
plicit algebraic formulas for the K numbers of ar arbitrarv cata-

condensed benzenoid. This system had to be somewhat compnlicated



as a consequence of the general nature of the nroblem. Tedié and
BodroZa (2] 9ave an explicit formula for the K number of an arbit-
rary unbranched benzenoid chain. In this paper we deduce a much

simpier formula for the same number.

2. DEFINITIONS AND NOTATION

In this paper we shall consider only undirected graphs com-
prised of 6-cycles. Let there be a total of m such cycles which we
g1 Cm in each araph of interest. Recause
the problem we treat arises from chemical studies of certain hydro-

shall denote as C1, C

carbon molecules, we impose upon C1, Cz,..., Cm the following con-
ditions to reflect the underlying chemistry:

(i) Every Ci and Ci+1 shall have a common edae denoted by e
for all 1 < i < m-1.

(ii) The edges €; and e; shall have no common vertex for any
1 <i<j<m-1.

By representing the 6-cycles as regular hexaqons in the nlane
such a graph is jlustrated as in Fiqures 1a and 1b. In organic

chemistry such graphs correspond to unbranched benzenoid chains.
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Figure 1
By [x1,x2,...,xn} we denote an unbranched benzenoid chain
(i. e. the corresponding graph) comnosed from n linearly condensed
portions (segments) consisting of Xys Kgseeon X hexagons respecti-

vely. Figures 1a and 1b show [2.2,1,1,4,2] and [3,2,4,1,1,2,4]



= BlH =

respectively.

An unbranched benzenoid chain may have a number of hexagons
of an A mode (kinks) senmarating linear seaments. Each of n-1 kinks
of Ix1,x2,...,xn] is considered as belanqing to exactly one seo-
ment. It means that the first segment does not contain any kink
while each of n-1 remaining segments has exactly one kink which
is the first hexagon of that segment. So the total number of hexa-

qo0ns in [x1,x2,..‘,xn] ism=x,+ Xotoooh X The adonted notation

1
enables us to suppose that x5 1, for i =1, 2,.... n-1, and X2 2

Sometimes, hcwever, we consider [x X 1] to be the same

e

chain as [xy,...,%x 4+ 1].
We denote by Kn[x1,x2,.>.,xn] the number of Kekulé structures
of [x1,x2.,..,xn]. In a nprevious paper [8] by Kn(x1.x2....,xn)

was denoted the number of Kekulé structures of L(x1,x2,q..,xn),

The notation adopted in this paper imnlies

Ixz.xz,.,..xni = L(x1+ 1‘x2+ 1""’xn>1+1‘xn)

and consequently,

Kn[x‘,xz,...,xn] = Kn(x1+ 1,xz+ 1,...,xn_1+ l,xn).

3. THE RESULTS
It is easy to deduce the K formula for a single linear chain

(polyacene) of x hexagons, say [x] (see [4]):

Kyxd = 1+ x. (1
We define
K, = 1. (2)

It may be interpreted as the number of Kekulé structures for "no

hexagons'.



Theorem. Fer each rositive inteaser n and arbitrary positive

integers x1, x2..... xn,

= T
Kn[x1,x2,,..,xnI N - T P 5 (3)

where the sum is taken over all subsets {21’ﬁ2""‘yk} of

(124 .0uns, 1% k< ny such that n-2, - O(mod 2) and Piygm Y
(miod 2)+ for F = Ve 25 o k=1 (11 < £2< g ﬁk).
Proof. Let H be the last kink of Ix;,...,xn_1,xn]. We denote

by u and v the vertices belonging only to hexaqon H (Fiqure 2).
We apply the method of fragmentation (see [4,6]) bv attackinag the
bond uv. Every perfect matchina (Kekulé structure) with the double
bond uv does not contain any other edae belonaina only to H. The
rest of such a perfect matching will be the nerfect matchina of
the granh consistina of twe comoonents: [x -1] and [x,.....x 4]
(Fiqure 2a). The number of such nerfect matchings is
K1[x1-1].Kn_1[x1,...,x _1], i. e., according to (1)},

an

E P SR (4)

n-1 n-
On the other hand, each perfect matching with the sinale bond

uv must contain all the double bonds indicated in Fiaure 2b. The
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Figure 2









