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Abstract: The studies of the number of Kekulé structures for oblate
rectangle-shaped benzenoids are continued. A general method - the
matrix method - is developed in order to obtain the recurrence rela-
tions discussed in PART III, Furthermore, a conjecture concerning the
coefficients of the recurrence relations is rigorously proved.
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INTRODUCTION

This is a continuation of the studies of the number of Kekulé structu-
res (K) of oblate rectangles, RjGw n). In PART III of this article seriesl
it was found that there exist recurrence relations for the K number of
RJ(m n) with fixed n values. The recurrence relations for K{RJ(m n)} are
given up to n=6 in PART II and PART III.

In the present paper we develop a matrix approach to the recurrence rela-
tions for K{Rj(m,n)}. By this method direct calculations of determinants
lead to the special cases of n = 2, 3, ...., 10. There is no hindrance

against an extension to still higher values of n,

2. THE MATRIX METHOD

We use the same notation as in PART III.1 In particular, the following
abbreviations are used.
R, (m) = k(& (m,n)}
Rn“) (m) = K{B(n, 2m-2, t)}
A basic formula in PART III reads:
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where j' = [n/2], and Jn is a (J'+1)x{j"+1l) square matrix with the general

element equal to

(Jn)rs = ZRn(l—S)(F) if n is odd, or if n is even and 1 < 5 < j';

(Jn)rs = Rn(l—s)(r) if n is even and & = j'+1.

Therefore, when n is even
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The following shows Jn for n = 2, 3,
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...+, 10. Here the number above the

Z-th column {or on the right-hand side of the j-th row) is the common factor

extracted from the Z-th column (or j-th row).
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We now express (2.1) in another form as follows.

=1 . 5 3
where Jn is the inverse matrix of Jn'

Rn(ﬂ) m
Rn(-l-) (m)

ﬂ.m(-.i' ) m)

R (m

R (m+l )

R"(mm")

15873 22187 26703 29056

Let Jn(i,j) denote the submatrix of ‘]n obtained from \Jn by deleting the

£-th row and the j-th column. Denote
_ i+g o i
(i, d) = (1" Vderd (2,4

By the standard methods of matrix calculus one obtains

n 2
Thus from (2.2) we

=1
J 1rg

have

= u(j,?) /detJn

&, Q@) = (/detd )u(1, DR, () + u(2, DR @e1) + ...

which together with

8 Dm = /@R @)

+u(g'+l, DR Gn+g')]

(2.3)

(2.4)
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according to eqn. (21) of PART III yields
B 82 =gt =, L)AL 1) &= 05 L maeng g1 (2.5
co = (1/2)(e2)detd fu(i'+1, 1) €

Therefore, when Jn 1s given, the recurrence relation for Hn(m) is avai-

lable by direct calculation of determinants. By formulas (2.5) it was
arrived at

Hz(m) = BR,(m-1) - Sﬁz(m-i)

R](m) = liﬁj(m—l) - 25R3(m-2)

RA(m) = ZTRQ(m-l) = 108R40ﬂ'1} + LOBR“(m—B)

Rsbw) = 4235(m—1) = ZéiRs(m—Z) + 343550ﬂ"3)

Re(m) = G‘iRé(ﬂl—l) = SQORG(m-Z) + 2043}?6()11—3) - Zﬂlnjﬁﬁ{m—la)

Rym) = 90R;(m-1) = 15- 9%, n-2) + 1-9°R,(m=3) - 9", (n4)

Ra(m) =125R (ml)“-’cSR(mz)*QﬁSR (m-3) -lBSR (m=-4) +165R(m—5)

Rg(m) = 15 llﬂg(m- ) - 35-11 R (m-2) + 28-11 R (m-3) - 9-11 Rg(m—é) + 11 R (m=5)

6
Rlo(m) =6 RLO(M'l) - 35:6 RLU(M—Z) + 448-6 Rm('" 3) - 246 Flo(m-‘o) + 32.6 R60<m 5)
- 32:6 Rlo(m"ﬁ)

3. THE DETERMINANT OF Jn

From the above sect;cn one sees that the determinant J is the denomina-

tor of each entry of J . Now we investigate the exp11c1t formula for
detJn.

In order to simplify the derivation of detJ , we want to extract some
common factors from each column and row. By the definition of Jn it is not
difficult to see that 2 is a common factor of each column except the (j'+1)-
th column in the case when n is even. Moreover, be§ides the factor 2, the
t-th row (f > 2) of Jn has the common factor (n-Z)L-l. This is evident for
=2 from the known formula

8 @) = (1/2) (e2) (241 (241)
Now suppcse that each element of the (¢-1)-th row, viz. R (_t)(i—l), has the
factor (n+2)£-2. Thus we can write "
8@ = " riem
where f(t,n) is a polynomial in ¢ and n.

We now apply formula (1) of PART IB to the elements of the £-th row. We

have
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As seen in PART IB the summation E (t+1) has the factor (n+2). One can
t=0
verify that the last summation in the above formula has the factor (n+2) in

a similar way as in Section 6 of PART IB. Therefore, R (Z) has the fac-

(=)
i-1 7
tor (n+2) " °,

Now we are in the position to derive the explicit formula for detdn.
Since the cases with even and odd n behave slightly differently, we distin-

guish two cases.

(a) n is odd X

Introduce ¢, = (1/2)(,); /(n+2)7’_1; 27 = 1y 2 wvesy 3"y 3'+1. Define
J * to be the matrlx with the general element equal to

(']n )'L,] eij
In other words, Jn* is the matrix obtalne? from J by extracting the factor
2 from each column and the factor (n+2) from the Z-th row.

Let n = 28-1. By formula (1) of PART IB and the symmetry property Rn(_p)

Rﬂ(p-ﬂ) one has
R
(J n i (Jn)'z. i1 Z[ﬁ”t (z) Rn )]
j-2 n
5 z[—z g e . Y (n—t+an('”(i—n]
=0 t=g-1
n-j+1 &-1
=2 Y (R, By =2 Z(mzm 8) (- 1)]
t=7-1 t=j-1

Inserting of 8 = (n+l)/2 = j'+1 gives
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Now we can derive the explicit formula for detdn* as follows.
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Note that the above determinant is a subdeterminant obtained from detdn*
by deleting the first column and the last row. Repeating the above process

will lead to
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detd * =
n
1 1 | 1 F 1 1
€22 23 %2 j141 €23 €24 A
= det €4 233 s €4 gL = det €34 € e ey Jtel
e S s Spvieg I—"’j'—x R R
1 1 7]
= ... = det szet[1]=l
€24' C24'n
Consequently, by the relation between Jn and Jn* we have
i'+ +24,, .47 iy
deell, = oy RS N e # UL gy kLR (3.2)

An illustration for n=7 is given below.

1 1 1 1'| I‘ 1 0 0 0
4 7 9 10 L3 2 1
J ¥ = , detd_* = det
7| 30 s 75 85 g 30 749410 9410 10
l_zz.e 462 622 707 | |_zae 56475485 75+85 85
3 2 1 i1 A
] 7 [TES
= det| 749410 9410 10 | = det| 7 9 wJ < det J =1
3 10
'_ 56475485 75+85 85 | 56 75 85
(b) n is even
Let n = 28, Then j' = s. Introduce €~ (1/2) (Jn)ij/[(n+2)/2]7'_l for
AR OE NN LT LLE P p—
N -1 . . o
e; gy = (Jn)i J.,+1/[(n+2)/2] for 2 =1, 2, ...., J'+l. Define Jn to

i f 3 * o % &
be the matrix satisfying (Jn )?:J' eij' Denote by Jn (k) the submatrix of

\Jn* obtained by deleting the ¢-thcolumns for 2 =1, 2, ...., j'+L-k and the
J-th rows for j = h+l, h+2, ...., J'+L. In a similar way as in Case (a) we
have when 2 < j < j'

Wps = W g = 208, Ty - g G )
n=j+l s-1
= zz (n—t+l)Rn(—t>(i—l) - z[z w2, P 1y - (n~a+1)ﬁn(“3)(~;—1)]
teg-1 t=g-1

J'-l

- ‘”*”[Z 2 -1y Rn(_'j')(i-l)]
t=7-1
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and when j = j':

Therefcre

J
AR W () TN E ;
( n )1J ( n )1 J-1 2 i1t Y% J'+l
In a similar way as in Case (a) we reach at

S0 Sr_q ew_
detd * = 27 THerd %71y = 27 7ol Rgarg 211

W ) = (1/2)(J ) Jiop ™ (1/2)(n+2)ﬁn(-ju)(i_l)

L 1 Y bl 2
A A .222detdn*(l) = pn=2n)/8
Consequently,

dEtJn - 2jl[(n+2)/2]1+2+""+jldEtJn* - (n+2)(n2+2n)/8 (3.7)

In the following we give an illustration for n=6.

( 1 1 1 1] 1 o 0 0

7 2(1+1)+1 2+1 1
5 detJa‘ = det

84 154 200 216 B4 2(12+15)+16 2x15+16 16
1092 2016 2632 2848 1092 2(154+200)+216 2%200+216 216
2 2

r 1 1

F 1 ¥
= det| 12 15 a2 det{ 2x1+1 1 ] = zzdet[ J = g2t 58

154 200 216 154 2x15+16 16

Therefore, detJ =2 4 detJ * = 4 = B i

4. THE PROOF OF CONJECTURE A OF PART III1

By eqn. (2.5) we can rewrite Conjecture A as
-4
@'+, DR = wit,n (.1
We need to derive the formulas for u(j'+l, 1) and u(j",1).

(a) n 1s odd

By the definition of u(j'+l, 1) we have
u(G'+1, 1) = (—1)(j'+2)2j‘(n+2)1+2+""+(j'-l)detdn**
where dn** is the submatrix of Jn* obtained by deleting the first column and
the last row. We already know from Section 3 that detdn** = 1. Thus

WG, 1) = ()9 2120y gy (0 -ine3) /8 “4.2)

Now we concentrate on u(j',1). Bearing in mind eqn. (3.1) we can derive

this quantity as follows.
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u(G',1) = (-1)j’+1(u+2)52‘i|deLJn‘(.i',1)
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fagt-l fagt fagta
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°35 %35m S5 e
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vhere 8 = 1+ 2 4 .o0u 4 (4'=2) + ' = (o2 - 4m + 11)/8.
Inserting of
o A
&y e = MDA, Ll = 8 TV @)y ey
into the above equation yields
-9 2 ;
ty = (=139 ¥l (n-1)/2 (n“-4n+3)/8, (-j"'
u(G',1) = (-1p7 1y (n+2) ) w, Y g (4.3)

An illustration is given for n=9 in the following.
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9 12 14 15 9 1 ] 1
4
ul4,1) = 2 Ilydet = 24117det
105 146 175 190 105 12 14 15
15873 22187 26703 29056J 15873 1798 2163 2353
i{' 1 0 o]
4.7 E o 6
= 2"11"det| 12 1 1| = 211 7der - 21 (11x15),
175 15
1798 175 190
-4
where 11x15 = Rg( ).

Conjecture A is a direct consequence of eqns. (4.2) and (4,3).
(b) n is even
An analogous reasoning as in the case when n is odd yields
u{j'+l, 1) = (n+2)(n2—2n)/8
w1 = Geeny O8I TN g

which indicates that Conjecture A is valid for even H.

REFERENCES

1Article series "(ON) THE NUMBER OF KEKULE STRUCTURES FOR RECTANGLE-SHAPED

BENZENOIDS:

PART IA - S.J. Cyvin, B.N. Cyvin and J.L. Bergan,Match 19, 189 (1986).
IB - R.S. Chen, Match 21, 259 (1986).
ITA - §.J. Cyvin, Match 19, 213 (1986).
IIB - R.S. Chen, Match 21, 277 (1986).
III - R.S. Chen, S.J. Cyvin and B.N. Cyvin, Match 22, 111 (1987).
IV - S.J. Cyvin, R.S. Chen and B.N. Cyvin, Match 22, 129 (1987).

Vv - §.J, Cyvin, B.N. Cyvin, J. Brunvoll, R.S. Chen and L.X. Su, Match

22, 141 (1987).
VI - S.J. Cyvin, B.N. Cyvin and R.S. Chen, Match 22, 151 (1987).



