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ABSTRACT

Hall has established that the total n-electron energy (E) of
benzenoid hydrocarbons is a linear function of the number of
Kekulé structures (K). Cioslowski recently came to the conclusion

2/n where n denotes the number of

that E is a linear function of K
carbon atoms. These two apparently contradictory statements can
be reconciled, taking into account that both Hall's and Cioslows-

ki's formula are approximaticns which only correlate with the

exact E values.
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INTRODUCTION

The present paper is concerned with the total m-electron ener-
gy of benzenoid hydrocarbons, as calculated within the Hiickel
molecular orbital model and expressed in the units of B8 [1], This

guantity will be denoted by E.

The dependence of E on the structure of the molecule has attrac
ted a considerable attention in the past few decades [l]. As a re-
sult of numerous investigations it has been established that the
gross part of E is determined by only two topological invariants,
namely n - the number of vertices and m - the number of edges of
the molecular graph [1]. In the case of benzenoid systems "gross

part" means something about 99.5 %.

The third topological invariant which is believed to signi-
ficantly influence the value of E is K - the number of Kekulé
structures. A variety of approximate formulas for E, depending on
n, m and K has been proposed in the literature [2-11]. In 1973
Hall observed [12] that when for a group of isomers E is plotted
versus K an almost perfect straight line is obtained. This even=-
tually resulted in the formula [6]:

E = An + Bm + CkD™ (1)

where A, B, C and D are empirical constants determined by least

squares fitting®. The remarkable feature of formula (1) is that

*Hall's original values were [6] A = 0.422, B = 0.788, C = 0.34,

D = 0.632. Cioslowski found [10] A = 0,5477, B = 0,7027, C =

= 0.2393, D = 0.6658, whereas for catacondensed hydrocarbons the
best values of these parameters were reported [7] to be A = 0.4044,
B = 0.8198, C = 0.3206, D = 0.6482, Hence, the parameters in (1)

are to some extent sample-dependent.
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its dependence on K is linear. Scmewhat later Hall's formula was
independently discovered in [7] where also a theoretical explana-

tion of its wvalidity was offered.

Recently Cioslowski [l0] developed an approach by which he
was able to show that approximate formulas for E, depending only

on n, m and K must be of the form

2/n

B = (2nn) /2 pIR2/ M 2mm) 12 (2)

where F is some function. In a later work [11] the condition

F(1) = 1 was imposed.

Cioslowski's result (2) is deduced under the asssumption that
the eigenvalues of the molecular graphs of benzenoid hydrocarbons
obey a universal distribution law. This latter is, in the best case,
a plausible approximation and therefore (2) must not be understood

as an exact result.

The simplest non-trivial approximate expression based on (2)

is [10]

1/2 2/n

E = A(2mn) + BnkK {3)

where A = 0.7676 and B = 0.1775 are obtained by least squares fitt-
ing.

The formulas (1) and (3) have similar accuracy and reliability.
For a sample of 1030.singlet ground state benzenoids the average
error of (1) and (3) is 0.06 % and 0.07 %, respectively. The maxi-
mal observed error is 0.39 % and 0.63 %, respectively. Hence Hall's

formula (1) is found to be somewhat better [10].

In [10,11] a further argument in favour of (2} and (3) was
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raised, namely their size-consistency. Really, (2) and (3) have the

property
E(un,um,Ku) = uk(n,m,K) (4)

i.e. the energy of a system composed of u identical benzenoid mole-
cules is calculated to be u times the energy of a single such mole-

cule. Hall's formula doces not obey the requirement (4).

The true size-consistency property would be

u
E( ] n,,

[Nt
=]
=
=

"
i~

A
L E(n;,m ,K,) (53
which means that the energy of a system composed of u (not neces-
sarily identical) benzenoid molecules is equal to the sum of their
energies. This condition is, however, not fulfilled by either (1)

or (2) or (3). The only expressiocn satisfying (5) is
E = An + Bm + C 1InK

proposed by Carter as early as in 1949 [2]. Unfortunately, this
latter approximation for E was found to be inferior compared to

(1) and (3) [8,10].

The most striking difference between Hall's and Cioslowski's
formula is their dependence on K, In the subsequent sections we
show that, from a practical point of view, the expressions (1)

and (3) need not be considered as contradicting to each other,
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CORRELATION BETWEEN K AND K2/rl

In order to gain some information about the correlation be-
tween K and K2/n' we shall consider the function y = x1/p and
assume that x belongs to a certain interval [a,b]. Suppose that we

. 1%, from the inter-

select uniformly by random N numbers ESES N

P
val [a,b] and investigate whether there exists a linear correla-
tion between the pairs (yi,xi), i=1,2,...,N where vy = xl/p. The

measure of such a linear correlation will be the correlation coef-

ficient

2 -1/2

r = (<xy>"<x><y>)[(<x2>—<x>2)(<y >—<y>2)}

where <f> denotes the mean value of the guantity f. If N is suffi-
ciently large, one may take
_‘|b
<f> = (b-a) [ f dx .
a

Then we immediatly get

<x> = (a+b)/2
cy> = (1+1/p)‘1(b1+1/p _ a1+1/p)(b_a)-1
<x®> = (al+ab+b?) /3

[l

aptsom Pieere ™ TR o g1REDy gy

asgw = (2630~ 2T WP o g WP (feny ™

which after some algebraic manipulations lead to the following re-

sults.

If a = 0 and b has an arbitrary positive value, then

r = [ (3p2+6p)/ (4p2+ap+1) 1172 (6)



and thus r is independent of b.

If a ¥ 0 and t = b/a, then

r = (3p) /2 (-1 "1 (£2*V/Pq) (2p+1) T -

= e Poqy 1p0e=1) (21 2/Boq) (pey Y - (7)

- pt(t1/P-1)21-1/2

and thus r depends only on the ratio of b and a.

A detailed examination of formula (6) shows that it monoton-=
ously decreases with increasing p, p 2 1. Tts maximal value is for
p = 1 when, of course, r = 1, Its minimal value is (3/4)1/2 which

is its limit when p tends to infinity.

The analysis of eq. (7) is somewhat more difficult. It can be

shown that

1/2
'

lim r = (1+p) (9p2-10p+5)~1/2

£+1

lim r = (3/8) Y22 2e1ne-1) (=1 T (e=1) 2 - €(1ne) 21”
pre

lim (lim r) = 1

t+1 p-Mn

In addition to this, if p = 1, then r = 1 for all values of t. For

any fixed value of t, r monotonically decreases with increasing

>
p, p=1.



DISCUSSION

In Table 1 we present as a realistic example the correlation
coefficients corresponding to the case when the sample examined
contains non-branched catacondensed benzenoid hydrocarbons with h
hexagons. Then a = Kmin = h+1, b = Kmax = the (h+1)-th Fibonacci

number and p = 2h+1.

Table 1
h r, eq. (7)

3 0.9997

4 0.9986

5 0.9960

6 0.9918

7 0.9860

8 0.9786

10 0.9604

12 0.9405

15 0,9137

20 0.8866

m (3/4)1/2 = 0.8660

It can be seen that for benzenoid systems which are usually
considered in chemistry (and, in particular, for the sample used
by Cioslowski [10] for which h £ 8), the correlation between K and
Kz/n has a correlation coefficient as high as 0.98 - 0.99. This
means that if the true E values are well correlated with the
r.h.s. of eq. (1), then they will be well correlated also with the
r.h.s. of eq. (3) and vice versa. Therefore both (1) and (3) may be

of similar numerical quality and from the point of view of data

fitting they need not contradict to each other.
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