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ABSTRACT
Matrix inverses of seventeen polycyclic hydrocarbons
are computed. The resulting matrices, A™', are trans-

formed into vectors, ¥ = A-1X, where X is a unit vector.
Comparability conditions of Karamata are applied to the
partial sums of the vector components and are used to order
the hydrocarbons. Four molecular properties are studied
including resonance encrgics, total pi-energiecs, ionization
potentials and electron affinities. In general the re-
sults are in good agreement with the actual order of pro-
perties. Furthermore, the components ol the vectors V are
used to construct a similarity matrix of the hydrocarbons.
The resulting hierarchy distinguishes several topological
features of the stulied graphs.

While the adjacency \topological) matrix‘, A is not
invariant of the graph from which it is derived (because
its form depends on the adopted numbering of the vertices),
it seems that various powers of A lead to counting various
walks2 characteristic of a given graph. The trace of ﬁk
matrices, k = 1, 2, 3, ... leads to numbers called spectral
moments2 which were found useful in ordering and characte-
rization of graphsB. This communication considers the
very special case where k = -1 i.e. the inverse of the

adjacency matrix. The objective is to explore the

¥Author to whom correspondence is made at: Faculty of

Pharmacy, Kusr kl-Aini Street, Cairo, kgypt.
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potential of cxtractling informations [rom A matrix which

might serve to ccde graphs ol various topologies and thus
) &
-~ s i o —

apply comparability criteria to ordering” molecules.

Bensenoia alternants as well as non-alternant hydrocarbons
are used as our substrates. The importance of the é_
matrix was recognized many ycars ago in connhection with the

relation between resonance thceory and clewmentary MO theory .

GRAPH-TIHEORETICAL METHOD

1. Matrix inverse of graph is obtained using standard sub-

routine or a formula duc to Hoilbronner/.

2. A vector li is associated with every AI' of graph Gj by
the following transformation:
/
= 7 Ei \I)
where éi is a column vector whose components are all
ones and which contains as many rows as éi doces. I.c.
the number of componcnts in ii cquals the number of
vertices in Gi.
3. The components of Xi are ordered descendingly. Thus,
if these components are ordered: C ., C_., ...., C_.,
11 2 ni
then C1 i >z C?Ei Boeas 2 Cn:i.
L. Partial sums are formed from the ordered C's thus:

511 = L11’

Tog = Ygg ¥ Vg (2)
: n

s Lo oy

The resulting scquence of partial sums {Sii’ 521, wiie vy
5 .} is the colde of G, .
ni !
5. Let G B s } and S, .y S, ogwl B }
: { fi® “opq? ¥ P h { g Fage S
are codes of graphs G.1 and GJ containing n and m verti-

ces respectively. we say that Gi is comparable with GJ
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l.e. if each partial sum in onc graph is greater or
equal (but not smaller) than the corresponding entry in
the other graph. Conditions (73) are essentially those
of Karamata® 19,

6. A hierarchical diagram is constructed by connccting

adjacent comparable graphs.

Results

Fig 1 is the hierarchy produced in step 6 i.e. when

8-10
the comparabilitly conditions {of Karamata ") are imposcd
on the partial sums of Lhe vector components. The
hierarchy involves 17 moleccular graphs. Table 1 lists

components and the corresponding partial sums of vectors

given by eqn. 1. Four molecular properties are studied,
. - - . : 12
vis., Resonance ﬁnerg1¢s11, RE's, total pi-energies 7,
13 13

heats ol atomizations and electron-affinities of the

hydrocarbons.

Discussion of comparability results:

The resonance energies listed are based on method ol

Gomes11 of counting all the conjugated circuits in all the

Kelkuldé structures of the hydrocarbon. Total pi-energies
are [HMO values. It is c¢lear that the partial sums ol the
components of the Ei vectors (cqns 1, 2) succced in

partially ordering the molecular properties of the studied

hydrocarbons . While naphthalenc is non-comparablce with
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its uon-allernant isomer asulene, anthracenc is comparable
with its angul.r isomer, phenantiwrenc. Or the four iso-
meric non-branched cata-condensed benzenoid hylrocarbons,

" < : - - 14
only, chrysene is comparable with its isoconjugate

3. i-benzphenanthrene . The three peri-condense:d benzenoid
hy-irocarbons studicd in this work, viz., 10, 16, 17 leline
the vertices of a triuangle. Grajhs 13 and 15 are adjacent
and comparable. They bolh share the property ol being
non-alternant but their hekuld VB structures contain con-
Jujated circuils of type 4Ln+2 only (\n is an intogur).
Although the position of biphenylene, 12, is a discrepancy
when its Ris is compared with values of hylrocarbons 2 and
13 i.¢. graphs preceling and proceeding it, yet its posi-
Lion pre-icts the correct relative value of pi-encergy. It
is dinteresting to observe that both molecules 2 and 13 have

identical count of ecenjugation circuits and Kekuld struc-

tures. These two graghs are separcted by biphenylene, 12.
One observes, however, that 333 is the only vector, in the

studied set, with one negotive component (C.f. Table 1 ) y
and thus if one applics the comparability conditions to the
<:Umpuuvnl.f—sIj \rather than to Lheir partial sums) 17 becomes

nori-comparable with 12, since o.g. C1,) (Elﬁ‘) <CI" (V )9

f
(¥ ) 2 B Wl

3
g

but C,

sl

In goneral the predicted partial order of RE's, pi-energics
and heats of alomivzations of Lhe hydreocarbons stulied is
quile satisfactory.

0N SIMILARITY OF Grapus'®

The entries ol the vectors EJ_ are viewe:dl as coordi-
nates in multidimensional "structurve" spacc. One then
suys that vectlors whiich lie in the sawme region of space are
simiiap, As a mewsurce of the degrec of gimilarity onc may
consider the familiar kuclidcan me L'[‘i(316 between two grajhs

G oand G deiined as:
v s
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vhere the summation is taken over all componenls in both

vectors. Naturally singularily, i.c. D - 0 signifies

identical systems. Thus, the smaller the value of

D (Vr, Vb) mets Lie more siwmilar would be vectors VI and V
o -8 s o -8

(defined by eqn. 1); anid conscquently (he correspon ling
sraphs Gr anl GS. Such similarity listances, given by
eqn. 4, might be usc) to construct hicrarchical orlering of
structures, It turns out., however, thal conclusions basce!
on 4 compurison with a single standard may be dvfjcivn!17.
Thus if we calculate D valucs relative to benzene, e.g. Lhe
results may be biased towards measuring Lhe peculiar pro-
perty of V (benzonc) as having all its componcnis being
identical! It seems beiter, therefore, to comparce struc-
tures not with a single stlructure but with two (or more )
structures selected as standards. In the present stuly we
arbitrarily selected hydrocarbons 6 and 7 as standards.
Table 2 lists D values relative Lo these graghs. We arrive

at Lthe (ollowing orderings from the (wo standarids:

1'/5214
13 2 14

The numbers correspond Lo graghs shown in Pig | and are
ordered in :lescending similarity Crom lef't to right. Lach
crossing of lines indicates the struclures which cannot be
simultaneously be oridered with respect to both graphs 6 and
7, while any sequence not involving crossing of lines is an
acceptable solution. Mathematically the problem is trans-

lated into search for all partial inequalitics valid for



- 142 -
both sclected reference graphs. For the case at hand we
arrive at the following partial orderings which hold true
for both 6 and 7.
60<5 «15<17<9<h <3 (ar 1) <13 <2 <4 <1
6< 35 L1517 10123 <132 2 <€ 14 <1
6 <8<yl <11 (or 3)<<13< 2 <14 <1
6<8 <11 (or3)=< 13 2 14 <1
6 L5 << 16 <10 <123 <13 < 2 < |4 <1

6<5<16 <11 (or 3) <13 < 2 <14 <1

Ut

T<ib <io< <3 <13 < 2 <14 <1

<g<<bh <1 (ord)<c13 <=2 <14 <1

~1

The above inequulities lead to the hierarchical diagram
shown in Fig 2. It must be born in mind that the numbers
usced in constructing the similarity matrix (part of which is
given in Table 2) are functions only of the connectivily of
the graph and thus do not (or at least, are not expected to)
featurce the combinatorial aspects of the Kckulé structures
which a particular graph represents. One, Lherefore,
should distinguish the numerical values of propertics and

similarity of structures particularly when properties Jdepend

on factors beyond the simple connectivity of the graph. As
an illuslration we consider RE values derived [rom counting
conjugate it circuits in all Kekuilé struciuires of the hydro-
carbon. Such a property, therefore, has both topological
i.e. purely struclural and combinatorial clements. The

elemcnts ol the Q_I matrices preserve only Lhe structural
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clement i.e. graph connectivity. woe might talte 4 collec-

tion of grashs such as the set shown bhelow
1 2 3 14 E
13 .

We might pose the guestion: "Which graph in the above set

is leust similar to naphthalene™? Intuitively, one might
guess toat graph 13 is least similar Lo naphthalene. G o

one cxamines KFig 2, onc can easily sce thal 2 and 13 are in
fact "vory gsimilar'! 1n fact they have identical values of
i s (Sco Fig 1). Again if one wonders which two graphs in
the above set are mosl similar to benzene, it might be
intuitively gucesscd that naphthalene 2 and phenanthrene 4,
are such two graphs, based on the fucel that the subset (1, 2
and &) are a1l belong to all-benrvenoid eata-condenscd benze-
noi.l hyidrocarbons. (An all-benzenoid hydrocarbon is
characterise:l by having full sextels in one of ils Kekuld
,-al.r‘uctun:rs). Such o conclusion is again erroneous [rom the
point of wview of the hierarchical ranking of graphs shown in
Fig 2 Although anthracence is not an all-benzenoid hydro-
carbon , it is morce similar to benzene than phenanthrence is!
The same holids [for molecular propertlics. Unexpectedly
azulene, li, a nonalternant lies as closc to benzene as
naphthalene <does. One must recall, however, that both
naplithalene and azulene arce similar from the point of view
of the type of conjugated circuits in their VB slructures.
In fact both contain only ln+2 Lype. Some encouraging
observations of hierarchical ranking of Fipg 2 are the
following: (u) Grajpns (2, B, s 4 and ll) represent all-
benzenoid ﬁy!rocnrbunslﬁ. Such graphs lic on adjacent
points, wilh triphenylene, 9, at the center. (b) Graj.hs
(10, 16, lZ) arce periconienscd structures, again lic on

adjacent points. (¢) The facl that perylene, 16, is
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adjacent to biphenyl, 11, needs & comment. The fact that

they are adjacent mecans a high icegree of similarily (;hich
might nol have been forccasted). Indeed the length ol the

bonl between the two rings in biphenyl is 1.50 8 which is

almost the value for a single bonle. Similarly the two central
EO”JS in perylene have a length of 1.50 218_ The two
hydrocarbons are very similar in the sensc that both are

built from two almosl non-intcracling nnitﬁ'H. Binheny lene,

12, which is the next ncarest neighbour to perylenc, has its

two central bonids essentially single, their length beling

1+.52 318. A detailed description of the similarity among
these three hydrocarvons, 16, 11 and 12 might be found in
reference 19. (d) Fluoranthene, 15 is closer Lo 17 than 3
is which is nol what one might anticipate. However, this

is no longer uncxpected if one realizes that both 135 and 17
9

. | = %
has two sextets, in the Clar represcentation, yet 3 has

only onc:

A Jdetailed justificalion of the above representations is
available in reference 20. It might be worthy of obscrva-

tion that 135 contains only 4n+2 type conjupatled circuils.
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TABLE 1
Vectors, _\Li & AI' éi vhere Ej. is a unit vector conformable
with é:l The components of the veclors are oridercd

descendingly and their partial sums are given below each

vector in parentheses.

ho. Ei and Partial Sum
1 0.5, 0.5, 0.5, 0.5, 0.5, 0.5

(0.5 W05 145, 8.0, 2.5, §.8)

2 r.o67, 0,667, 0.667, 0.667, 0,333, 0.333, 0.333,
0.333, 0.333, 0.333
COL667, 1.3, 2,001, 2.668, 3.001, 3.354, 3.667,
hLo00, h.333, 4.666)

| 0u5; Bubs 055 0.5, 0.5, 0.5, 0.5, 0.8, 0.5; 0.5,
0.5, D.5; 0.0, V.0

(055 105 145, 2:0% 2.3 3:0, 3.5, 4.0, 4.5, 5.0,

5.5, 6.0, 6.0, 6.0)

4 0.8, 0.8, 0.6, 0.6, 0.6, 0.6, 0.4, 0.4, 0.4, 0.4,
02y 0= 0.2 0.2
(0.8, 1.6, 2.2, 2.8, 3.4, h,0, 4.0, h.8, 5.2, 5.6,
5.8, 6.0, 6.8, 7.0)

5 0.6, Dab; 0.6, 06y 0465 065 0ty Ol Ol O:hs;
Ol Ol "0l Ol 0.2, 02, 0.2, 0.2
(0B 185 1.8y by 4.0 4.6 5.0, 50y 548 642
6.6, T00, 7, 728y 8Ly BaR, Bul Bué

6 0.8, 0.8, 0.714, 0.6, 0.6, 0.571, 01571, 0.428,

0.428, 0.428, 0.428, 0.400, 0.400, 0.286, 0.286,

0.2 0.2, 0.2, 0. 143.

V0.8, 1.6, 2.31h, 2.914, 3.514, L.085, 4.656, 5.084,
5.512, 5.940, 6.34, 6.7h, 7.026, 7.312;, 7«8512; 7912,
7.912, 8.055)
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0.75, 0.75, 0.5, 0.5, 0.5, 0.5, 0.5, 0.3, 0.5, 0.5,
0.5, 0.5, 0.5; 0:25; 0.25y 0.25,; 0.25; 00

(0LT55 1.5y 2.05 2.5, 340, 3.5 .0, 4.5, 50, 5.5,
6:0; 6.5; 7.0 7495; Tuby 7275 8.0; 8.0)

0.875, 0.875, 0.75, 0.75, 0.625, 0.625, 0.625, 0.625,
0.375, 0375, 0.5375, 0.375, 0.253, 0.25, 0,125, 012
0.125, 0,125

(0. 878, 1.78, 2.5, 3425, Su80%, N8y 3028 Ba?hs
GRS By EGBTSy DSy Pl Ty Feld Ty 1800,

m

89

0.667, 0.667, 0.667, 0.667, 0.667, 0.667, 0.333,
0.333, 0.333, 0.333, 0.333, ¢.333, 0.333, 0.333,
03335 053335 10:3303, U939

(0.667, 1.334, 2.001, 2.668, 3.335, 4.002, 4.3353,
L.668, 5.001, 5.334, 5.667, 6.0, 6.333, 6.666, 6.999,
7.333, 7.666, 8.0)

08 OBy 0.8 0455 Oubis 085 008 0.5 058, Uu5;
05, 045, 0.8, 0.5, Q.0 0.0
(0:85 1405 185 2405 2255 Fuly By a0 45 54005
5.5 Guls 645 Tl 700, 7.0)

075, 0.75; 0:53¢ 0uhs 02853 0495 Dads 0a%; Qa2dy 0525
0.25, 0.25
(0:75: 4:505 2uly 28 50y b B0, Wby U3, 5l

5025, 3.5)

0.667, 0.667, 0.667, 0.667, 0.3733, 0.333, 0.333,
043335 10:333 0333y 0:7333; 0.933

(0.667, 1.334, 2,001, 2.668, 3.001, 3.33h, 3.667,
L.o, %.333, h.666, 5.0, 5.333)

0.667, 0.667, 0.667, 0.667, 0.555%, 0.5355, 0.44h,
O.444, 0.333, 0.333, 0.333, -0.111
(0.667, 1.334, 2.001, 2.668, 3.223, 3.778, h.222,
4.666, 4.999, 5.332, 5.665, 5.554)



14 1.00, 0.5 0.5, 0.5, 0.5, 0.5, 0.5, .0, 0.0

{1200y, 145 20y 8.5y 3405 Ja5y B0 45 4il, &4:5)

ot

15 V667, 0867 V667, 0667, 0.555; 0.555; 0.4,
Gl 0.333, 0.3583, 0833, 0.338, 0435, 0.333,
0.393, B111
(0,667, 1.934, 2.001, 2.668, 3.223, 3.978, W.222,
4.666, h.999, 5.332, 5.665, 5.993, 6.733, 6.666,
P Feiii)

16 0067, G667 0555, 0385, 0.h; B8y 0.5 0%, G.5
0.5, 0.3, 0.5, 0.5, 0444, 0.444, ©.333, 0.333,
0e383y Dol ¥ Ty 0.0
(0,667, 1.334, 1.889, 2,440, 2,944, 3,444, 3.944,
Godhh, Loobh, 50000, 5,904, 6,444, 6,944, 7.388,
7.832, 8.165, 8.498, 8.831, &.942, 8§.942)

17 0.667, 0.667, 0.667, 0.667, 0.667, 0.555, 0.555,

555, O.44h, 0.444, 0.333, 0.333, 0.333, 0.333,
08335 03335 W99 0:333% 0T, 850
(0667, 1.:33%, £.0017, 2:668, 3,335, 389, Lb-4l5, 5.0
5.hhl, 5.888, 6.221, 6.554, 6.887, 7.22, 7.553,
7.886, 8.219, 8.552, 8.663, B8.663)

* Numboers correspond Lo graphs shown in Fig 1
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TABLE 2

Part of similarity table based on the componcnts of Lhe

vectors V = éFT X. (X is a unit vector).

No.” 6 s
1 1.30826 1.4577
2 0.9369 111215
5 0.77167 0.79036
4 0.52978 0.73824
5 (.39328 047473
6 0.000 0.4376
7 0.43757 0. 000
8 0.32706 0.6374
9 0.4920 0.6775
10 0.72%51 0.6124
11 0.70602 0.8660
12 0.75283 0.62873
13 0.80526 1.0192
1h 1.096 1.2747
15 0.hz2219 0.5629
10 0.576553 0. 4817
19 0.hz26 0.5892

Numbers correspond to graphs shown in Fig 1.



