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SUMHARY - The well-known perturbation method that combines the
perturbation theory with the Hellmann-Feynpman and hyper-
virial theorems is shown to apply to any one-dimensional
Hamiltonian, provided its potential function has a well-
defined general form. This quite general formulation of
the method is proved to be suitable to handle a large
number of problems of actual chemical and physical
interest.

INTRODUCTION

Some years ago, Swenson and Danforth /1/ developed a powerful and
elegant method to obtain Llhe cigenvalue perturbation correctiona for
some simple (thougkh non-trivial) one-dimensional guantum-mechanical
sysbems., The procedure, which combines the perturbation theory (PT)
with the Hellwmann-Feynman and hypervirial thcorems, was first
applicd to the anharmonic oscillator model /1/.

The Swenson and NDanforta's method, which from now on will be
called hypervirial perturbative method (HPM) was found to be
suitable te handle & wide variety of one-particle quantum-mechanical
models /1-35/. Nespite of their apparentl simplicity, some of these
models are of great interest in Chemistry and Physies. For example,

the hydrogen atom with a radial pertiurbation

Ho= -D%/2 - 1/r + L(2+1)/(2r°) + ar , Dzd/dr , (1)

that is useful in quartkonium physics /36/ (and relerences therein)
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was first studied by Killingbeck /2/. Arteca et al /12/ and Reguena
et al /11/ applied the HPM to the harmonic oscillator perturbed with
a polynomial function

n
H = (x%-0%)/2+V(x) , D=d/dx , V(x) = A L v x® or

Vix) = ? VSASXS 2 (2)

which is a well-known approximation to the nuclear motion of a
diatomic molecule /37/. Another appropriate approach to this
problem is the perturbed Morse oscillator /38/

9 {187 (32)
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to which the HPM was applied by Ferndndez and Castro /17,18/.
Recently, the HPM was proved to be fruitful for dealing with some
periodic gquantum-mechanical models like a polar rigid rotator in a
uniferm electric field /20/

H = -(1/sin®)(d/d8)sin6(d/de) + m2/sin26 - Xcos@ , (4)

that poses a first approximation to the Stark effect in a polar
diatomic molecule /39,40/., The Stark shifts for a polar symmetric-

top molecule (including polarization effects) /21/ and the rotational

energies of the hydrogen molecule-ion H; in a uniform magnetic field
/22/ can also be obtained through the HPM,

Although a very large number of papers on the HPM have appeared in
the last years /1-35/, none of them shows what exactly are the
conditions that the potential function has to obey so that the
method can be applied. This very important question will be partly
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answered in this article. Firstly, we will develop a simple and
compact form of the hypervirial theorem in the remaining of this
section.

Since any Sturm-Liouville eigenvalue equation can be changed into
the Selrodinger form /41/, we only need to consider onc-dimensional

llarillonian operators of the form

H=-D%2 +U(x), D d/dx . (5)

Lel ¥ be an eigenfunction of H with eigenvalue B (HY = E¥), then the
hypervirial Lheovcem states that

<{':I,WJ> =0, {H,WJ = NW - wH , (6)
where W is any linear cperator and <A> holds for the expectation
value <¥|A%> . When ¥Y does not belong to the domain of H, the form
of the hypervirial theorem has to be changed /32-35/.

It is very easy to show that any differentiable function f£3f(x)
obeys: (prires denote differentiation with respect to x)

[H,fD] = %r"' &%[!r.f'] £ o£r(u-u) - fut o, (7)

and that Lhe hypervirial theorem (6), with W=fD, leads to

%<f"'> §OOR<EYS - 2<E1U> - <fUT> = O . (8)

This equation is the slarting-point of most HPM calculations
performed earlicr /1-22/ (bounded systems are excluded) and also of
tke more general formulation that will be discussed later on in the
next seection.

In closing this section, we wani to point out that our goal is to
develop a sufficicnt condition for the potential function U(x) so
that the HPM can be applied. There are many other methods for
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vely. PT assumes that E and Y can be expanded in \A-power series

E= 1 PP, y- 5 y(P)p (10)
=0 p=0

where X is a perturbation parameter properly chosen.

We will show that the HPM can be used to obtain every perturbation
correction E(p) if the potential function U(x) can be written as a
linear combination of functions belonging to a set G={f_(x), s=0,1,
«++} which obey:

£ (%) ag; = 0 (11a)

+
fylxify(x) = iEO by £ () byms = Puyi (11b)
























