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Lower and upper bounds (4), (5) and (&) are obtained
for the smallest positive eigenvalue of a bipartite
molecular graph. Analogous inequalities (7), (8) and
(9) hold for the smallest positive zero of the match-
ing polynomial.



The smallest positive eigenvalue h of a bipartite
molecular graph is of considerable importance in the

e of conjugated %electron systems

topological theory
since it is closely related with the energy of the high-
est occupied molecular orbital {as calculated in the
Hiickel approximation) and with the so called HOMO-LUMO
separation. It is a well-known fact that h can be cor-
related with a number of measurable physico-chemical
properties of alternant conjugated hydrocarbons (pola-
rographic oxidation half-wave potential, ionization po-
tential, energy of the first Jr""ﬂ.'. transition, energy
of the charge-transfer transition of iodine complexes
etc.)e. In the case of non-alternant hydrocarbong

(which are represented by non-bipartite molecular graphs)
such correlations are less satisfactorya‘a.

The question how h depends on the structure (i.e.
topology) of the conjugated molecule was considered in
several recent publications“’B. Nevertheless, a comple-
te solution of this problem has not yet been reached.

In fact, it is rather little known about the smallest
positive eigenvalue of graphs and matrices.

In the present paper we offer lower and upper

bounds for h.

If the molecular graph is bipartite, then the per-
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tinent conjugated molecule is said to be alternant.
A graph is bipartite if and only if it contains no odd
cycle.

The eigenvalues of the adjacency matrix of a graph
G are called the eigenvalues of this graph; they form
the spectrum of G. (For further details on graph spec-
tral theory see the booke.)

Let G be a bipartite (molecular) graph with N ver-
tices. Let x1:2-x2:2-°'-2?-XN be the eigenvalues of

G. According to the Pairing theoreml,

%5 = TH-ja

for J = 1;24ee45N0

In the following we shall consider the class of
bipartite graphs for which all eigenvalues differ from
zero. It immediately follows from the Pairing theorem
that such graphs must have even number of vertices. If
N = 2n, then the smallest positive eigenvalue of the
graph G is x, that is x, = h.
i In other wordsl we shall restrict our considerati-

ons to those alternant conjugated systems which have no

non-bonding Htickel molecular orbital.” All stable al-

* There exist various graph theoretical procedures by

which one can easily determine whether a conjugated

1,7

molecule has non-bonding molecular orbitals or not. ?
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ternant hydrocarbons belong to this classl’7.
In the subsequent discussion the following spectral

properties of the bipartite graphs will be frequently

used:
2 18
x. = =-E {1)
j L]
31 S
B o= ¥, (2)
j=1
n
xj = A L] (5)
J=l

where E, M and A are the total J@:electron energy, the
number of carbon-carbon bonds and the algebraic struc-
ture count, respectively, of the pertinent conjugated
hydrocarbonl. The number of vertices of the graph con-
sidered is 2n. Note that in the case of benzenoid and
acyclic conjugated systems, the algebraic structure
count A is equal to the number of Kekulé structural

formulass.
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The First Inequality

LE: aj and bj’ J = lyes.y,m are real numbers, then

by the Cauchy inequalityg,

m

( iad by )aé(i ade)(Z bja) .

J=1 J=1 J=1

By setting aj =1, b'j = xj and m = n-1 it follows

n-1 n-1

() P L@~ =° .,
J=1 EEal

Taking into account egs. (1) and (2) and the fact that

x, = h, we obtain

(g E-h2 <L (a-1)M- 1)

i.e.

2

EE
nh -Eh+--(n-DK L0

i.e.
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Equality on the both sides of (4) is obtained for the
path P2 with two vertices (for which h =M =1, N =
=E=2)o

The Second Inequality

If aj, J = lyesey,m are non-negative real numbers,

then their geometric mean is not greater than their

9

arithmetic mean”,





















