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1. Introduction,

The study of subgroups of the space group is an important part of the space
droup theory, especially in connection with the theory of structural phase tran-—
sitions, crystallographic twinning, domains and domain walls., The available in-
formation on subgroups of space groups 4 is based on the theorem of Her—
mani e (which is a direct consequence of the 'diamond’ isomorphism theorems)
and consists in lisling of maximal equitranslational and equiclass subgroups
and converscly of the minimal supergroups..

The purpose of this contribution is to discuss some aspects of the the-
ory of group subgroup relations connected with a new itrend in investigations
of subgroups of space groups which can and should be opened and which
relates tho theory of subgroups with the theory of representations. The first
step has, in fact, already been done by Ascher4 who has shown that the
problem of a structural phase transition from the symmetry of a space group
to ils subgroup can always be solved in terms of a certain finite group - the
image of the representation of the transition parameter. His epikernels of ireps
(hcre we mean by irep a representation irreducible on the real) are sub-—
groups of primary importance. It can be shown that every subgroup of a fini—
te group can be expressed (perha.rps in several Ways) as an intersection of
epikernels of its ireps 5.

We shall, for simplicity, limit our present discussion only to subgroups
of finite groups, The resulls can, however, be applied in consideration of tho-
se subgroups of space groups which are themselves space groups of the sa—
me dimension. Three points connected with the subduction of identity represen—
tation will be discussed here: 1. Exomorphism of group subgroup relations,
which is just an cquivalence with respect to all aspecis of the subduction of
identity represcntation. 2, The stability spaces of subgroups for which we
show that they form lattices dual to the lattice of subgroups. 3. The problem
of generation of stability spaces, which can also be formulated as a problem
of faint interactions’ in the phase transition theory 6. There is also a connec-—
tion of this problem wilth the theory of extended integrity bases, which is brief—

iy reviewed in another contribution of this meeting.
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2. Group lattices.

Subgroups of a given group G form an algebraic structure ZE.(G) called the
group lattice. Since the language of lattice theory is convenient for our pur—
poses, we shall recall some basic notions 3'7.

The lafttice is generally defined: (z) either as a partially ordered set

with least upper and greatest lower bound for every pair of its elements, or

(ii) as a structure with two algebraic operations — union and intersection —

which salisfy the idempotent, commutative, associative, and absorption law.

It can be shown that both definitions are equivalent and the least upper bound
can be identified with union, the greatest lower bound with intersection. Accor-
dingly, we can define isomorphism of two laltices or automorphism of a lattice
as mappings which preserve either the inclusion relations or both unions and
intersections. Analogously we define duality of lattices as a mapping which
reverses all inclusion relations or which interchanges all unicns by intersec-
tions and vice versa.

The lattice £.(G—) of subgroups of the group G is a lattice in which the
inclusion relation (— and the intersection FNK of subgroups F and K have
the usual set-theoretical meaning, while the union F|JK is that subgroup of
G which contains all possible products of elements of F and K. Each auto-
morphism of the group G defines an automorphism of the group lattice i,((})
Other lattice automorphisms are not of interest for us.

The lattice & (G) of a space group is an infinite lattice. On the other
hand, any subgroup F of G which is a space group of the same dimension
is of finite index in G. I F itself is not normal, then there exists a set of
conjugate to it groups Fi' The intersection H = core F = O Fi is normal in
G and, in fact, it is the greatest normal subgroup of G contained in F (and
hence also in all Fi). The symbol core F means the kernel of the permuta-—
tion representation of G on cosets of F 4. The group H is also of the same
dimension as G, hence of finite index in G, the factor gréup H = GfH is the-
refore finite and trere exists a ’canonical epimorphism’ JU: G —==3¥ , which
maps any subgroup K of G containing H onto the subgroup J‘(’. = K of the
factor groupx . Vice versa, to each subgroup}{ of # there exists a subgroup
K of G which contains H and for which WK -5{ . Hence any subgroup K of
G can be embedded into a finite sublattice i(G/H) of the lattice £(G), and
this sublattice is isomorphic to the lattice i(a(), the canonical epimorphism
31 maps this sublattice onto the factor group lattice: G{i(G/H) = :E(«K). The
sublattice defined by the normal subgroup H = core F is the least such sub-

lattice in which F can be embedded.
























