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BRAVAIS GROUPS IN LOW DIMENSIONS

by Wilhelm Plesken

Abstract: Algorithmic methods to compute Bravais groups are described.
Full sets of representatives of the Z-classes of all Bravais groups
of degree 5 and of the irreducible Bravais groups of degree 6 are
given.

I. Introduction.

A Bravais group B is a finite unimodular group (abbreviated f.u.
group) for which there exists a set S ¢ RV of symmetric matrices
(which are interpreted as gquadratic forms) such that

B = B(S) := (g € GL(n,Z) | g°¥Xg = X for all x € §).

(The transposed of a matrix g is denoted by gtr.)

A Bravais group can be viewed as the full automorphism group of a
suitable lattice in Euclidean n-space since the set S mentioned
above can be assumed to consist of one positive definite form

{cf. [NPW 80]1). Dually to the definition of the Bravais group B(S)
of a set of symmetric matrices S the space of quadratic forms fixed
by a f.u. group G(< GL(n,Z)) is defined by

RN *N | tr bt

s(e) 1= {8 € 8 =8, g °8g=58 forall g€ G) .

Finally the Bravais group B(G) of the f.u. group G 1is defined by
B(G) := B(S(G)) . (cf. [BNZ 72,73] Part III, [BBNWZ 78]). Clearly
the following holds: G < B(G) , B(B(G)) = B(G) and B(G) is finite
for each f.u. group G

In [Ple 77] I have described the Bravais group of a given reducible
f.u. group. It turned out that for each reducible f.u. group G the
"reduction pattern”, i.e. the number and degrees of the G-irreducible
constituents and the binding systems are the same for G and B(G) .
In Chapter II of this note this description of Bravais groups is
refined in such a way that one can outline an algorithmic procedure
to obtain all reducible Bravais groups in a given dimension once

certain irreducible f.u. groums in all lower dimension are known.
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The procedure also simplifies the recognition problem considerably,
namely to identify the & -class of the Bravais group of any reducible
f.u. group in a list obtained by the suggested algorithm.

The method is applied to the five dimensional case. A complete list
of a set of representatives of the Z-classes of the Bravais groups
of degree 5 can be found on the attached microfiche. A summary and
explanations are given in Chapter III. The irreducible Bravais
groups of degree 5 are taken from [P1P 78,801 Part I (cf. also
{Biil 73] and |[Rys 72] ). Lists of Bravais groups of degree smaller
than 5 are contained in [BBNWZ 78], In [P1P 77,80] Part I-V the ab-
solutely irreducible (i.e, C-irreducible) maximal finite subgroups
of GL(n,Z) for 5 <n <9 are determined up to Z-equivalence.
These are also the absolutely irreducible Bravais groups in
these dimensions. As already noted in [PlP 77,80] Part I irre-
ducible groups in prime dimensions are already absolutely irre-
ducible. The same holds for the nine dimensional case., Hence for n
smaller than 10 only n =6 and n = 8 are the only dimensions
for which the irreducible Bravais groups are not known. Therefore
we derive the irreducible, not absolutely irreducible Bravais groups
of degree 6 in Chapter IV, None of these Bravais groups are maximal
irreducible subgroups of GL(6,Z). With the results of Chapter II
it should be possible to compute the missing Bravais groups of
degree six and seven.

I1. The reducible Bravais groups of a fixed dimension.

Among the reducible f.u. groups the fully decomposable ones are the
simplest examples. Therefore it is desirable to relate an arbritrary
reducible f.u. group to a "canonical" fully decomposed f.u. group
which is rationally equivalent to the original group. However, this
does not seem to be possible in general. The "almost decomposable"
f.u. groups might serve as a substitute.

(II.1) Definition. A finite subgroup G of GL(n,Z) <s called
almost decomposable, if for each character X afforded by an



































































