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1. Introduction

This is the last in a series of three papers on the construction of n-dimensional
crystallographic groups and their subgroups. In the first paper [3] we proposed an
algorithm for the construction of partially periodic groups from the point groups.
Subgroup-relations of space groups and partially periodic groups were treated in the
second paper [4]. There we showed in particular that the problem of finding all sub-
groups can be reduced to the determination of

type [-subgroups ("zellengleich", translation equivalent),

type II-subgroups ("klassengleich", class-equivalent), and

type I1I-subgroups.

Sometimes one is not interested in the complete subgroup lattice of a crystallographic
group but rather in the affine types of the subgroups. Therefore, we propose in the
present paper dimension-independent algorithms which for each pair (C,C*) of n-
dimensional crystallographic groups
1) decide whether or not C* can be embedded into C, i.e. C contains
a subgroup U with linear constituent P(U) =P(C) such that U is
affinely equivalent to C*,
and if so,
2) calculate all embeddings of C* into C.
In particular, all type II- and type III-subgroups are calculated. As the algorithm
for problem 1) is essentially a simplification of that of problem 2), we first treat
problem 2) in Chapter 2 and then problem 1) in Chapter 3.

The algorithm for problem 1) was implemented on a computer, and the affine classes of
subgroups of all two- and three-dimensional space groups and partially periodic groups
were calculated at the "Rechenzentrum der RWTH Aachen".

Moreover, crystallographic equivalence instead of affine equivalence can be treated
by slight modifications of the algorithm., For n<3 or n odd this leads to the same
subgroup-relations ([51).
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- 56 -
2. Finding A1l Subgroups of a Given Affine Type

Whenever possible, we use definitions and notations from the preceeding papers [3]
and [4]. Throughout this paper let

C={{v, +t,p)IpEP, teZ*} and C*:((v;¥+t*,p*)|p*e P*, the [T}
be crystallographic groups with linear constituents

P<GL(r,Z) x GL{n-r,Z) and P*<GL(r*,Z) x GL(n-r*,Z),|P| = [P*|,
and vector systems

viP>PI71.Z% and vk :Px- (Px7l. 7Y%
respectively. We shall derive necessary and sufficient conditions that C* can be
embedded into C, i.e. C contains a subgroup U affinely equivalent to C*.*! These
conditions are formulated as systems of rational and diophantic equations, which can
be checked by a computer. The set of all selutions of the equations describe all
embeddings of C* into C.

To reduce the number of candidates C* which can be embedded into C, we note:

2.1 Proposition. If the (n,r)-group C contains a subgroup U affinely equivalent to
the (n,r*)-group C*, then
a) rarx,
b) the linear constituents P and P* are Q-equivalent, i.e. they belong to
the same geometric crystal class,
c) the order |v| of the vector system v of C divides the order |v*|.

Proof: a) and b) are obvious.

c) We can assume that v is also a vector system of the subgroup U, i.e.
U= {(vp+t,p)|p6 P,teM}, M<ZE.

As C* and U are affinely equivalent, |v*| is the least positive integer such that
U‘={Uv*|-vp+t,MIpEP,teM}

is a split extension of M by P. Therefore,
C'={(Iv¥l - v, +t,p)IpEP,tel™}

also splits, and thus |vl divides |v*|. o

2.2 Remark. The necessary conditions b) and c) of Proposition 2.1 can be considerably

sharpened. As far as b) is concerned, this is done in the next proposition, and in
the case of c) it would not simplify the announced algorithm.

2.3 Theorem. C contains a subgroup affinely equivalent to C*, i.e.
(usx) « C*« (u,x)'1<:c for a suitable affine mapping (u,x)€A(n,R), if and only if
there exist

ueEQ* and x= (S f:) €GL(n,0) with x'ezrxr™

(and with x*=0 for r=r*) such that

*)

Since we have required the linear constituents P and P¥ to have the same order,
P(U) =P(C) =P. The subgroup U need not be of type II or of type III, it can be a
type II-subgroup of a type IIl-subgroup of C.
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<C={{vy+t,p)IpEP,teL’}
we derive that

(@,%) - C* « {U,%)7 = (u,x) % - {u,x)71,
and the stated formulas (1) and (1') follow immediately. Moreover, we can assume
without loss of generality that x and u are rational instead of real because they are
solutions of the systems of the rational linear equations

X-p*=p.x for pr€ P* and suitable peP
and

(e=p) U=y mxove
respectively.Since Q%" is a dense subset of R™™ and the determinant is a continuous
function, there is a solution x€GL(n,Q) if there is one in GL(n,R) ([2,p.200], see
also [3, Theorem 3.31).

+1t, for peP and suitable tErx,
X

The converse follows directly from the above computations. o

2.4 Corollary. Let
Lorollary \ .
xP*x~1 =P for a matrix x = (8 ;:) € 6L(n,0), x' €07,

(For r=r* this means that P and P* are {xQ-equivalent.)

a) If C is symmorphic, i.e. a split extension of Z* by P, then C contains a sub-
group affinely equivalent to C*.

b) If C* is symmorphic, then C contains a subgroup affinely equivalent to C* if and
only if C is symmorphic, too.





















