maileh no. 9 pp. 227-241 1980

IRREDUCIBLE REPRESENTATIONS OF POINT GROUPS AND SPACE GROUPS - THE LAST
50 YEARS AND THE NEXT 10 YEARS.
Arthur P. Cracknell, Carnegie Laboratory of Physics, University of Dundee,
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SUMMARY

An account is given of the development of the theory of the irreducible
representations of the classical point groups and space groups. The pres-
ent state of knowledge of the subject and, in particular, the availability
of tables of these representations is considered. The extension of the
theory to the irreducible corepresentations of the magnetic point groups
and space groups is described. The present state of work on (a) the redu-
ction of Kronecker products of space-group representations and (b) repre-
sentations of generalised symmetry groups is discussed and some comments
about future developments are made.

1. INTRODUCTION

Prof. Neubllser asked me to give "a broad survey of representation
theory of crystallographic groups'. He asked me to "concentrate on the
mathematical aspects' because he was going to ask Prof. Birman to "concen-—
trate on the relevance in physics™. That, then, is my remit. I thought it
might help if I tried to put things into perspective historically and this
is what I have done in TABLE 1. The dates, which are only approximate any—

way, are meant to refer particularly to work on the application of represe-

ntation theory to these groups, not to the derivation of the groups them-—
selves.

With regard to definitions and notation, I shall in these matters
generally follow Bradley and Cracknell (1972).
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TABLE 1. Some Dates in the Development of Representation Theory for
Crystallographic Groups.

GROUPS DATES
Point groups {classical, three~dimensional) ca. 1895-1930
Space groups (classical, two- and three- ca. 1936-1972
dimensional)

"Magnetic" or "black and white'" point groups ca. 1963-1972
and space groups

Products of representations ca. 1962-

Generalised symmetry groups ca. 1966-

2. CLASSICAL POINT GROUPS

I only want to summarise this fairly quickly, because it is standard
material. There are various ways one can define a point group and I do
not wish to argue about these. I simply take as my definition "a point
group is a group of symmetryoperations which act at a point O and also
leave invariant all distances and angles in a three-dimensional Euclidean

space E(3)". If we restrict ourselves to crystallographic point groups

we must satisfy the extra requirement that a point group be compatible
with the translational symmetry of some crystalline solid. I shall not
enter into the details of the enumeration of the classical point groups
but assume that as given.

To consider the point groups from the point of view of representation
theory we have to construct a group in the mathematical, as distinct from
the crystallographical, sense., The elements of the mathematical group
are symmetry operations, or covering operations, consisting of rotations,
reflections, the inversion, improper rotations (or roto-reflections), and,
of course, the identity. There is a one to one correspondence between
these symmetry operations for a point group and the dots or circles on a
stereogram for that point group. For example, the group of symmetry
operations for 4mm (C&v)’ the point group of the symmetry operations of a

square, consists of:

E identity

sz rotate through +90°

C;z rotate through —90°

sz rotate through 1800

o reflect in plane normal to x axis
o reflect in plane normal to y axis

¥
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%4a reflect in plane normal toc BD

db
where the rotations are about an axis normal to the plane of the square

[\ reflect in plane normal to AC
and passing through O, see FIGURE 1.
A representation of a
group G can be defined as

a homomorphism y of G onto

T which is a group of non-
N ! 4 singular linear operators
N s acting on a finite-dimens-
% 2 ional space V over the
ol « a0, complex field. We write
Ve N G = EQ for all elements
y | N £ €G. Furthermore, if V

has no proper invariant

A | B\ .
subspace under T (that 1s,
0'“ GY %n P ~ (that i
no subspace invariant under
T except V itself and the

FIGURE 1. Symmetry operations of a square. zero vector) then y is said

to be an irreducible representation. The development of methods for de-

termining the irreducible (matrix) representations of finite groups goes
back to the work of Frobenius and Burnside at the end of the nineteenth
century.

In the case of the group of the symmetry operations of a square, for
example, there are four one-dimensional irreducible representations and one
two-dimensional irreducible representation. Instead of giving the complete
identification of the matrices themselves for the elements of the group,
it is very common just to present the character table for the group, in
which the character (or trace or spur)of each element is given. For
example for 4mm (Chv) the character table is given in TABLE 2, where the
w g Bge Ty
and TS are alternative sets of labels for these irreducible representations.
The irreducible representations of the point groups are now tabulated in

set of symbels Al’ Az, Bl’ B2 and E and the set of symbols T

many books; of these I would just mention two by Koster et al (1963) and by
Bradley and Cracknell (1972).







































