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A mathematical note on Koptsik's definition of

imperfect crystals
by Andreas W.M. Dress, Bielefeld

In the following note I would like to give a formal mathematical definition of
generalized wreath products and ,then to apply this concept towards the problem of
how to define imperfect crystals and their symmetry groups,-both according to what
I learned from Koptsik.

§ 1 Generalized wreath products.

Let G and H be groups with neutral elements ]G and ]H’ such that G acts
on H by automorphisms, i.e. there exists a map
i GxH— H :(g,h) — %h

such that for 858128y € G; h]’hz’h €H

1

@ B(hyhy) = Bn -®n,, (182, - gl<g2h>, %h = .

Let A be a G-set, i.e. a set A together with a map
3 GxA— A :(g,a)r—>ga,

such that for g1>8y €EG, a€A
(4) (gy8p)a = gy(gpa) » l;0a = a.

Let B be a H-set on which G acts compatible with its action on H, i.e. a
set B together with two maps
(5) HXB— B :(hb) > heb; G x B— B :(g,b) — 5b

such that for hl,h h € H; 8128598 €G, bEB

%8 218 1
sby msy, SATENY - '( zb), C = b, B(heb) = Bhefb

27

6

(hyhy)+b = hy+(hyeb), 1,

In this situation we want to define a generalized wreath product H fc-= HA>q G
of H and G with respect to A together with a natural action of thig group on
the cartesian product A x B and the function space BA of all maps from A
into B.

We do not exclude the case, in which G acts trivially on H and B8, in which

case our definitions reduce to that of ordinary wreath products.

At first we define the group HA of all maps f : A— H from A intec H

£, & HA, a €A -

with multiplication defined as usual argument wise, i.e. - with £,f,

by
)] (Fy+f5) (@) = £ ,(a) - ,(a).

G acts on HA in a natural way by automorphisms: for g € G, f € HA and a € A
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we put
(8) &) (a) = (g 'a).

A
Then we have for g],gz,gEG; f,f'.f2 €'H

A g (8 1
(9) 192¢ 1( Zf), e -f, Bz, = B %8,

since for all a € A:

(10) (gl(ng)) (a = g‘((ng) cg]‘a>) - g'(ng(g;‘g;‘a))

(g,8,) 1
= ( i f) (s ( Gf) (a) = £(a)

and
an (gfl . gfz) (a) = (gfl) (a) (gfz)(a) = 8 (g7 'a) » Br (e 'a)

- g(f](g"a) . fz(g"a)) - g((f]-f2>(g"a>) - (g(fl-f2>) (a) .

Thus we can define the semi-direct product HA>4 G of HA and G, consisting

of all pairs (f,g) with f € HA and g € G, and the multiplication, defined for
A
(f],gl).(fzsgz) €H 1G by

g
1
(12) (fl,g]) p (f2=52) = (f] T 8182)-
We also write H | C instead of H 3 G.
A
The group HA, identified with the set H* x ]G of pairs (E,IG), is normal in
H I G and its factorgroup is canonically isomorphic to G. In Y the group

A
(HA)const of all constant maps A —> H, being identifiable with H, is G-invariant,

(though not necessarily normal in HA), thus H { G contains the semi-direct prod-
uct H>1G in a canonical way as a subgroup. Further interesting G-invariant sub-
groups of B are for infinite A the subgroup (HA)fin of all maps f : A-—H

. = o A
with £(a) lH for all but finitely many a € A and the group (H )alm.const of

all almost constant maps f : A -— H, i.e. all maps f, for which there exists
h € H with f(a) = h for all but finitely many a € A. Obviously

A ik T S
a3) ) = ahy, - e i

alm.const. const

Moreover, if A possesses the structure of a topological space and each g € G
A

T (or (K )comp) of all maps £ : A+ H

with f(a) = lH for all a € A except for a in some discrete (or compact) sub-

set A' © A, is a G-invariant subgroup of HA, which will be of some importance later

acts continuously on A, the group (HA)

on.
Finally, for any G-invariant subgroup H' < H the group wA of all maps

A — H' 1is a G-invariant subgroup of HA and so are (H'A) = H'A n (HA)

const !

const
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WA A
(E') (H )fin. “h (H ) and

RS 3 A
alm.const BYA (6T fin ?

=u?n @

For all these G-invariant subgroups V < HA we can form the semi-direct product

alm.const.

A
t
(M disc.

)disc.
VY16 as a subgroup of H | G. In particular, H] fe<u[G for any G-invariant
5 =

subgroup H]i" of H. A A

Now let us define and study the action of HJ G on A x B and on 8%, For
. A

(f,g) € 16 =H J G and (a,b) € A x B we put
A

(14) (f,8) * (a,b) = (ga,f(ga)+ 5b).
Obviously lyrg * (a,b) = (a,b) and for (f},8)),(f,.8,) €H {5

A & &
(15) (f],g])((fz,gz)(a,b)) - (e pe(aa 5500 + Zb)

8y &y
88,3, f,(g,8,3) ° (fz(gza) . b)) =
8] -1 818y
= lg8,2,f,(g,8,2)" (fz(gl » g,g2a)) - b) =

g 8.8
(g gza,f (g,8,3) * ( Ifz) (g,gza) G Zb) =

=1f" 2'5132) + (a,b) = ((fl,g,) = (fz,gz)) (a,b),

so (14) defines indeed an action of H [ G on A x B. This implies an action of
A
H I G on BA, considered as a subset of P(A x B), the set of subsets of A x B.
Mure precisely, for F : A — B an element in BA fsg) €H I G and a € A we
put i
8 8 il
(16) F:A—B:arr °F(g a)),

defining an action of G on BA, and get
an ((5.0)F) @ =£@ « B@E'a) = £@ + D (@).
Our first result is

Theorem l: If H acts transitively on B, then HAi H [ G acts transitively

on BA. If H acts fixed point free on B (i.e. if heb = b A for some h € H and

some b € B implies h = ]H), then HAi H £ G acts fixed point free on BA.

Proof: If F, F'E€ BA and H acts transitively on B, we may choose for
a€ A an element f(a) € H with f(a) « F(a) = F'(a) and thus (f,]G) «+ F=F"'

If H acts fixed point free on B and (f,]G) « F =F, then f(a)+ F(a) = F(a)
A i i = =
for all a € implies f(a) lH for all a € A and thus (E,IG) IHIG &
A
Corollary 1: If H acts regularly on B (i.e. if H acts transitively and

fixed point free on B), then HA acts regularly on BA.












