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Summary

It is shown that any two-dimensional linear system having
real eigenvalues a and b satisfying b 0 a and

a + b O can be made exponentially stable by applying one
single real noise source.
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The destabilizing impact of random noise in linear and
nonlinear technical and physical systems is well-known
(see, e.q., Hasminski [ 3], Kozin [[5], Arnold and
Wihstutz (1]1).

However, for chemical and biological systems it is often
arqued that parameter noise plavs a positive role for the
stability behaviour of the system. But examples support-
ing this arqument are still quite rare. Hasminski ([3],
p.280) constructed a two-dimensional unstable svstem
which can be stabilized by two independent white noise
sources.

In this note, we present a new class of unstable deter-
ministic systems in the plane which can be stabilized by
applyina just one single real (i.e. non-white) noise source.

Since under general conditions the stabilitv properties of
a nonlinear system are the same as those of the corres-
ponding linearized system (Hahn[ 2], p.319 ff), we restrict
ourselves to linear svstems.

Furthermore, a stabilizable system must have dimension
nz2, since for n = 1

X, = (a+ut)xt , a real number,

vields
1 t

x, = x, exp t(a + ¢ 'LuSGSJ "
For any zero mean stationary eragodic random process u,
we have

1 t
lim — j'usds = 0 with probability 1,
tooo o

so that the deterministic stabilitv behavior is being
conserved.
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Theorem. Given any two-dimensional deterministic un-
stable linear autonomous system ;=Az with two real
eigenvalues a,b satisfyinga b<o<a and a+bgo. Then
one can choose a real noise uy (i.e. a zero mean
stationary erqgodic random process) and a matrix B so that
the trivial solution of the parameter-excited system

z = (A + utB)z

is exnonentiallv stable with nrobability 1. More pre-
cisely, there exists a constant R satisfyina (a+b)/2<R<KO

such that for anv solution z,

1lim % loulztl = R with probability 1.

b S

Proof.

1. Without restricting the generality we assume for the
deterministic system the uncoupled form

. ‘a [}
z = z, b<o<a, a+b<o, (1)
o b

which can always be derived by coordinate transfor-
mation, while for the pnerturbed svstem we take

- [ a o o 1 a ug
z = ( + u )z= z,(2)
- b

t
o b 1 o u,

2. As real noise in (2) we choose the well-known Ornstein =
Uhlenbeck process {so-called coloured noise), i.e. a
stationary Gaussian Markov process u, with spectral

density
2
g
ELR) = 5 1 . w2, &5 o0,
N 2
A

and the Gaussian distribution with mean zero and
variance 02 = G‘Z/Zd. at anv time t.
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We use the method develoned by Wihstutz [6] (see also
Arnold and Wihstutz [1]) for dealina with the
stability of (2). After introducing polar coordinates
X=r cosf » Y =r sing, we obtain after simple
calculations

=
\Zej = izol exp Lo Q(lfs)ds, (3)

where

Qle) = (b-a)sian +a,

while the angle @ satisfies the nonlinear differential
equation

‘-(’t=b'2"—asin2LEt-ut. (4)

If we had for a certain value of D2

t
lim 1

e Ql( Jds = R o,
tve E s

the proof would be finished .

The main theoretical difficultv is that - unlike in
the case of white disturbances - the solution z, of
(2) is not a Markov process anvmore. But (ut,\ft)
is a Markov process with state space R x [o0,29r ),
where the lines Y= o and Y= 2T are identified.
The pair (ut,tft) is a degenerate two-dimensional
diffusion prodess since there is no diffusion compo-
nent in ?—direction. At the so-called 'switching
curves'

b—;-ia—sinl{; = u

2 changes sian (see Fiqure 1).
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