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Abstract

A decomposition of graphs into components which are either isolated
vertices or isolated edges is suggested. One arrives at these ultimate
components by a successive elimination of a vertex and all incident edges,
one at a time, and repeating the process until a fragment for dissection
no longer remains. Application of the procedure raises the question of
reconstruction of a graph from the data of a dissection. It appears that
in some instances such a reconstruction is possible. It is of interest
that 1isospectral graphs examined have a different dissection, hence the
potential use of the dissection in graph isomorphism problem should be exa-
mined. The analysis leads to a pair of numbers (A,B) which signify the
number of isolated atoms (A) and the number of isolated bonds (B) which
molecular graph contains when dissected by a successive elimination of the

vertices in various fragments generated by the process.
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Introduction

In graph theory and its applications, particularly in chemistry,
we are concerned with manipulations with structures, rather than in mani-
pulations with numbers as the basic quantities. We assume here structure
to be a system built according to particular rules from smaller units.
Molecular structure is an example of a system built from atoms, the rules
being the axioms of quantum mechanics. We are not necessarily concerned
with the rules as such, but are primarily interested in consequences of
those rules as manifested in the connectivity of the system. It is useful
to divorce the mathematical (abstract) aspects from the chemical (appli-
cative) aspects in such studies. While the latter frequently may stimu-
late initiation of a particular study, the former are more general and
apply to other branches of science. Among the mathematical topics one may
include problems of recognition of graphs,1 their characterization, and
classification. Related problems include comparison of graphs and their
ordering,2 most commonly in a sequence. These problems may require a
practical scheme for construction of graphs,3 and here it may be of use to
have lists of fragments and use these in composing larger structure. A
test for isomorphism is essential in order to avoid duplication and main-
tain high efficiency in solving the problem in question. In some problems
it will be essential to include all structures of prescribed type, hence
one has to watch for omissions. Enumeration of all graphs of the consi-
dered type is here of 1nterest‘4

Different problems may call for different fragments, hence dif-
ferent decompositions are of interest in different applications. For
instance, 1in the construction of a characteristic polynomial one is inte-
rested in isolated edges and isolated rings,S while a construction of Ke-
kuld valence forms can be viewed as a search for a set of isolated edges
which span molecular graph.6 In this contribution we will be concerned
with graph decomposition and will introduce the concept of graph dissection.
By dissection or total graph decomposition we understand here arriving at

fragments which are either isoclated vertices or isolated edges which are

considered in this exposition as ultimate fragments. One arrives at these
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fragments by a recurrent application of removal of a single vertex and all
incident edges. Generally, in such a process one or more fragments are
produced at first, and the number of fragments increases as one continues
the dissection. In the process all vertices are considered at each stage,
only isolated vertices and isolated edges already created are eliminated
from further decomposition. The first step in the process corresponds to
construction of Ulam's subgraphs.7 Since we wish to keep open the possi-
bility for graph reconstruction, it is essential to stop the dissection

once one arrives at isolated edges, since graph K an isolated edge,

2 ’
cannot be reconstructed (i.e. is not distinguished from subgraphs of two

isolated vertices).

Acyclic Graphs

We will limit our considerations to acyclic graphs and will discuss
polycyclic graphs in a separate contribution. The simplest graph then is
a skeleton of a triatomic molecule. It gives rise to three subgraphs,

each resulating by a removal of one of the three vertices:
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Since, as a result, we obtained in each case either isolated vertices
(atoms) or isclated edge (bond) the process of dissection is terminated.
We can summarize the dissection by the expression: (2a + 2b) ,

where a and b refer to atoms and bonds, respectively, Observe, how-
ever, that the summation as an operation may result in a reduction of the
available information. Before the summation we knew which fragments con-—
stituted each subgraph, after the summation we know that the above frag-

ments appear, but in what combination, partitioned to give original sub=-




































