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Summary: Continuing the work of part I and part II it is shown,
how the representation theory of generalized wreath
products can serve for a generalization and a unified
treatment of the enumeration theories of Redfield,
Pblya and de Bruijn.
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1. Introducticn

We recall from part II that we considered finite sets X and Y,

and correspeondingly the set YX

of all the mappings ¢ from X
into ¥

SR | ¢: x » ¥Y).

We denoted by SX and SY the symmetric groups on X and Y.
If G and H denote permutation groups on Y and X, i.e. G < SY’
0< SX’ then they induce various permutation groups on YX, and

the problem is to enumerate their orbits or even give a more
detailed description of them.

In part T and part IT we mainly considered problems of the
following type:

1.1 Ptlya-problems (cf. ref. 22):

The following permutation representation A\ of H is con-
sidered:
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4
Yq? H + SYX: h » [¢.h_1]

The image of H under Yq is denoted by EH:

B A yl[H].

It is this type of an enumeration problem which is mainly used

in applications to graph theory (ef. 10). If e.g. P denotes a

set of points, then we take for X the set P{g} of all the

unordered pairs of points, put Y:={0,1}, and take for H the
group SPE}, which is induced from SP on P{2}. In this case a
[ yX may be considered as a graph, an orbit of the group as

class of isomerphic graphs (see part I and II).
A generalization of 1.1 is the following type of problem:

1.2 de Bruijn-problems (cf. 1):

We consider the following permutation representation Yo of
GxH:
¢
The image of GxH under Yo is denoted by GH:
GH IR N [GXH] :
This group GH is called the power group of G and H.

This type of problem finds also various applications to graph
theory. For example if we apgain take X::P{E}, Ya={0,1F; H:=S%2}
and G:= S[O 13» thenan orbit of the permutation group
2
3{2}

P
(S¢0,1¥)
consists of a class of isomerphic graphs with point set P and
the class of the complementary graphs. Thus if we denote by

B(-) the number of orb.its, then (2}
s{2} S

. P = B
1.3 2 B((S[O,i]) ) B(E )

is just the number of classes of selfcomplementary graphs with
point set P.

A generalization of 1.2 can be described as follows:
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1.4 The exponentiation (8):

Let GiH denote the wreath product of G and H, i.e. put
GiH := ((f,n) | f: X + G, h ¢ H},
and define the multiplication by
(£,h)(£*,h") := (f£!,hh'),
where for each x ¢ X:
£fYte) §= EOIET bad, £f0xd s £1(n 1y,
We consider the following permutation representation of
this group GiH:

GiH + 8 (f,h) » ($), where y(x) := f(x)¢(h-1x).

73: YX:
The image of G:iH under T3 is called the exponentiation
of G and H, and it is denoted by [G]H:

[61® .- v5[GH].

There are only very few applications known of this kind of
enumeration problems (e.g. the enumeration of so-called Post-
functions), the interested reader may confer ref. 11. But
exponentiation groups are sometimes taken for the group H in
Pblya-problems, e.g. H := [sz]sn arises in the enumeration

of Boolean functions.

It is important to notice the following:

15 EH < GH ! [G]H 5

In order to make this more precise, we denote by G*, diagt®,
H' and diagG‘H' the following subgroups of GiH:

G* = {(f,1) | £5 X » G,
is called the base group of GiH and is a normal subgroup.

diag G* := {(f,1) | f: X + G constant}

is called the diagonal of the base group. Finally we put

H' := {(e,h) | h e H},
where e(x) := 1G’ for all x € X. H' is a complement of G .
Another subgroup is the product

diagG®-H' = {(f,h) | f: X > G constant, h ¢ H}.

We notice that the following holds:
G* = @% . ® G, |X| factors,



rows all the elements of m := {1,...,m}. We define an
equivalence relation "»" on M as follows:

(aik) 8 (B, ) 1= Jo €S such that b, = a

y . B11

k

Any two such matrices are called column equivalent, since

TP
i,0

each of them can be obtained from the other one by permu-
ting the columns.

The equivalence class of (aik) is denoted by (aik)m’ the
set of equivalence classes by Mm. It is eclear that we have
for the orders of M and of M :

IM] = mt", while |M | = g
If now Gl""’Gn denote subgroups of Sm H Sm, then we con-
sider the following permutation representation Yy of the

direct product Glx...xGn:

Y

(agyn ]

Yiit Be ¥omax B o+ By 3 (Bugscsag) B [
i 1 n M 1 n (giaik)m

Redfield noticed that there is a bijection between the set of
orbits of YMIGl*"'*Gnl and the set of certain isomorphism
types of superpositions of graphs (cf. 23, 20).



















































