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THE CHEMICAL APPLICATIONS OF GRAPH THEORY

D. H. Rouvray - University of the Witwatersrand,
Johannesburg, South Africa

In his search to make sense of his enviroment, man
has from the earliest time utilized symbols to represent
the physical and chemical objects about him. Thus, the
ancient Egyptians used the symbol 1. to represent water,

and the early Greeks depicted alum by means of the symbol
s

SN

1. 24

In more recent times, chemicel molecules have been
represented in terms of points and lines. The points have
been used to represent the time-averaged positions of the
atoms, and the lines the neighbourhood relations or bonds
existing between the atoms. The first person to use such
a representation was William Higgins, who in 1789 employed

the following representation for the oxides of nitrogen:

a a
p< P<b
b c

Here nitrogen is represented by the symbol P (from its
former name phlogisticated air), and the oxygen atoms by
the symbols a, b, and c¢. Although this representation
was the first depiction of the constitutional formula,
the lines connecting the symbols were not thought of as
chemical linkages ir the modern sense. The credit for
the introduction of the straight line to represent an
electron pair covalent bond goes rather to Archibald

Couper, who in 1858 first used this notation.

In the 1850's great interest was evident on the notion

of chemical structure, and from the studies made then the
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modern constitutional formula was gradually developed.
Notable contributions to the development were made by
Alexander Crum Brown, August Kekulé and Alexander Butlerov.
The latter worker was the first to speak of the chemical
structure of a species with roughly its modern meaning.

In 1864 Crum Brown was the first to publish a list of

pairs of isomeric chemical species, each of which he
represented in graphical notation. For example, he
depicted the molecules of fumaric and maleic acid by

the following chemical graph:

Several of Crum Brown's depictions of differing
isomers were by means of the same graph. In his depictions
Crum Brown was experiencing a difficulty still present
today, namely that the chemical graph does not give a
unigue representation for all chemical species. The
prcblenm remains even if we consider polynomials, metrices,
or other mathematical representations. In fact, the only
truly unigue representation of a chemical species is the
chemical name of the species. The name, however, provides
very little useful information for most calculational
purposes. This difficulty is proving especially aggravating
in the storage and retrieval of chemical formulae by
computer. At present there seems to be no way to overcome

this major problem.

The explicit introduction of graph-theoretical concepts
into chemistry was pioneered by the English mathematicians
Arthur Cayley and James Sylvester. In 1857 Cayley had
developed the concept of a tree. With some collaboration
from Sylvester, he applied this concept to his study of
the isomers cof the alkane homologous series in 187h. He
was the first person to point out that the constitutional
formula is a chemical graph, and that chemical isomers
could be enumerated by graph-theoretical techniques. The
three types of tree which he enumerated are illustrated

below.
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These he designated from left to right as carbon trees,
boron trees and oxygen trees according as the maximum
valence of the vertices is four, three or two. Cayley
was also first to use a generating function for the
enumeration of trees. Use of such a function enabled
him to enumerate the first thirteen members of the alkane
series, although his last two determinations were later

shown to be in error.

The next major advance in the field of isomer
enumeration was made in 1931 when Henry Henze and Charles
Blair put forward their iterative method. After devising
arpropriate recursion formulae they were able to enumerate
the constituticonal isomers for many of the common homologous
series. In gereral their results did not extend beyond
about the twenty fifth member of any series owing to the
amount oI computational labour involved. The advent of the
computer in recent years has now enabled these enumerations
to be carried out for the higher members of the series.

The method is particularly well suited to the computer.

The most powerful method of isomer enumeration developed
to date, however, rests upon the now famous Enumeration
Theorem of Georg PSlya published in 1936. As in the other
procedures mentioned, this zethod is based upon information
obtained from the chemical graphs of the species to be
enumerated. In this case, the method examines the symmetry
of each species and utilizes this for the derivation of a
cycle index for each. After making certain substitutions,
the cycle index is used as an appropriately weighted
generating function, from the expansion of which the
isomers may be enumerated. The method is powerful because
it may be used to enumerate nany different types of isomer
including stereoisomers. Yet there are still some problems
to which the method apparently cannot be applied, an example
of this being provided by the problem of enumerating the

arenes.
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Probatly the earliest use of graph theory in chemistry,
apart from the representation of chemical species, was for
the study of the additive properties of chemical substances.
Such study was initiated in 1842 by Hermann Kopp who
investigated the additive properties of organic substances.
He was able to demonstrate for instance an approximately
constant difference in the heat of formation of species
differing by a methylene (CHp) group. Some three decades
later Vliadimir Markovnikov showed for hydrocarbons that
branching of & species was always associated with a higher
melting point than that for the corresponding unbranched

species.

The first formel statement of the Additivity Principle
was made in 1917 by Stanley Redgrove, although the principle
had been adurbrated in the works of several earlier
investigators. It is known now that the principle is
strictly invalid because there are no truly additive
physico-chemical properties of substances. The closest
ayvroach to additivity is displayed by the molecular mass
cf a molecule which is very nearly equal to the sum of
the individual atomic masses. A number of thermodynamic
properties are also roughly additive, such as the various
heats of reaction. The concept of additivity was first
given a mathematical formulation in 1964 when Smolenski
used set-theoretical and graph-theoretical notions to
derive the formula

n

fe) = e + 28 Ix]|.

k=1
where f(G) represents & physico-chemical parameter of a
molecule designated by the chemical graph G, e, and ey
are constants determined from a small representative
sample of chemical graphs,'Iklis a path in G of length k,
and n the length of the longest path in G.

Use of this formula by Smolenski to predict the
thermodynamic properties of hydrocarbon molecules has
generally resulted in good correlations between the
predicted and observed values. As the predictions were

usually within 5% of the true values, the formula may
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be used to obtain estimates of unknown thermodynamic
parameters of hydrocarbon species with reasonable accuracy.
Such studies have been developed in recent years by many
workers, of whom special mention should be made of Tatevski
and his coworkers in the Soviet Union. In a number of
instances correlations between predicted and measured

thermodynamic properties have been excellent.

Within the last decade this type of work has led
fairly naturally to the introduction of the topological
index. Although not an entirely new concept, as we show
below, it has certainly become of increasing importance
in the last few years. By a topological index is meant
some mathematical formula which is derived from the
chemical graph of an individual molecular species. This
formula must in each case be reducible to a real number
which is regarded as charecteristic of the srecies topology.
It will be evident from the foregoing that such an index
cannot be uniquely characteristic of species. Yet, by
plotting these indices against the known physico-chemicel
parameters of the bulk species, some excellent correlations
have been obtained. In certain cases the correlations are
so good that predictions of unkown parameters could be
made with reasonable certainty. Further aspects of this
relatively new approach are discussed in an article by

the present author elsewhere in this volume.

A very important application of graph theory has been
in the general area of chemical bonding. Apart from a
limited amcunt of work by chemists on Feynman diagrams,
which we shall not explore here, virtually all the applications
have centred around Huckel molecular orbital theory. In
his attempt to find a simple method for obtaining approximate
solutions to the Schr8dinger equation for organic species,
HuUckel introduced in 1931 a number of approximations to the
integrals encountered. Using these approximations he was
able to set up the so-called Huckel matrix. It was first
demonstrated in 195k by Ruedenberg that the HUckel matrix
is equivalent to the topological matrix of a species. The
latter matrix is obtained by setting up an nxn matrix for

a species containing n carbon atoms and writing one for the



= 66 =

ij th entry if atoms i and jJ are bonded and zero otherwise.
This matrix must clearly be symmetrical about the principal
diagonal. We show below the topological matrix and also

the HUckel matrix for benzene.

o 1 ¢ 0o O 1 x 8 0 0 0 B
i1 0 1 0 & ©0 g x B 0 O O
o 1 0 1 0 o 0O B x B O O
o 0 2 @ 1 0 0O 0 B x B O
o 0 0 X ¢ 1 c 0 ¢ B x B
i 9 9 0 1 4 B 0O 0 O B x
Topological matrix Hiickel matrix
Here x stands for @ - €, where ¢ is an energy eigenvalue

and @ and B represent respectively the Coulomb and resonance

integrals, all o and all B terms being taken as identical.

The equivelence between these matrices may be demonstrated
in the general case by means of the following reasoning.
Let H be the hamiltonian matrix for a m-electron system, S
the cverlap matrix with all entries equal to s, and € an

energy eigenvalue of the system. Then we may write
|l - es| = o.
The matrices H and S may be resolved as indicated:

H = al + BA

g8 = 1 + sga,

where 1 is the unit matrix of the same order as H, S and A,
and A is the topological matrix. Substitution of the resolved

matrices into the original equation yields the result

|H = ESI

A - (ﬁ)l[ = o.

This reveals that the eigenspectrum of H may be represented

by thet of the topological matrix A. Furthermore, because
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H and A cormute, they will be possessed of the same set of

eigenvectors.

The equivalence of these two matrices leads us to the
conclusion that the Hiuckel energy levels are determined by
the molecular topology of the species represented. It is
also clear thet the topology will determine guantities which
may be derived from the Hlickel matrix, such as the m-electron
charge density on carbon atoms, the bond order between a pair
of atoms, and the various parameters used to characterize
polarizability. Accordingly, all these parameters must be
regarded as topological indices. However, since the bond
order of Coulson, for instance, dates back to 1939, the
topological irdex cannot be regarded as a recent discovery.

Such indices are in fact of about four decades standing.

Another interesting observation is that the Pairing
Theorem of Coulson and Rushbrooke, put forward in 19k4o,
is now seen to be purely a consequence of the topological
structure of the species to which it applies. The alternant
molecules for which the theorem holds are those possessed of
a bipartite graph. It is very well known for such graphs
that if £y is an eigenvalue in the graph spectrum then the
eigenvalue “ey will also appear in the spectrum. The theorem
has in turn led to results such as the so-called Huckel
Ln + 2 rule, which predicts aromatic stabilization in chemical
species displeying an electronic orbital filling pattern of
the bn + 2 type. A large number of other similar results,
which we cannot go into here, are now reslised to originate
in the species topological structure. In passing, it should
be mentioned that numerous contributions to this general
erea have been made in recent years by the Trinajstié

group of workers in Yugoslavia,

Thus far only those applications of graph theory have
been considered in which the atoms of individual molecular
species are represented as vertices. This need not always
be the case, and we turn now to take a brief look at some
instances where a whole molecule may be represented by a
single vertex. The edges of the graphs wvhich may be constructed

in this representation symbolize relations between the
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molecules themselves. As an example of a relation of this
type we cite the case of a2 transformation occurring between
a pair of molecules, which might take the form of an
interconversion from one molecular structure or state to
another., Because transformations take place in a given
direction, the type of graph frequently employed in this
field is the directed graph or digraph.

Specific examples of sequences of transformations
which have been represented graphically are the interconversions
of the penta- and hexa-codrdinate complexes of the type MLn,
where M is & metal atom and L a ligand, and n an integer.
One possible graphical representation of the interconversions

¢f the Mug system due to Muetterties is illustrated below.

This mode of representation has proved especially valuable
in the study of isomerization reactions. The principal uses
to wnich the representation has been put are the study of
the possible synthesis routes to be followed when starting
out from a given set of synthons to produce a desired end
product, the determination of the constitution of unknown
intermediates or products, and the prediction of conceivable
new synthesis products. The type of graphs used in this
approach have been designated reaction graphs by Balaban, a
worker who has made many nctable advances. Other names
deserving of mention in this particular field are those of

Dubois, Gielen, King and Prelog.

To sum up we ray say that the main uses of graph theory
in chemistry are twofold. In the first instance graphs have
been employed for the representation, systematization,
enumeration, and construction of topological indices for
individual chemical species. Secondly, graphs have been
employed for the representation of molecular species which
are undergoing transformations or interconversions of some

kind such as that of isomerization. As a result of these



- 69 -

studies, there has been a steadily growing interest in the
chemical applications of graph theory and a virtual explosion
in the number of publications appearing in this field. The
topology of a species is now seen to influence, if not
actually determine, a wide variety of the physical and
chemical properties of the bulk substance. Yet, if our
studies be confined only to those with a bearing on the
species topology, only limited progress can be expected

for much information is lost in the purely topological
representatiorn of species., For this reason it may well be
necessary to supplement the information provided by the
chemicel graph with other information. This could involve
for example the use of group-thecretical information when
studies are being made on the chiral nature of species, or
the use of spaces of dimension higher than three when the

interactions of species are being considered.

In conclusion, I propose the establishment of & new
journal which would specialize in the chemical applicaticns
of set theory, graph theory, topology, and combinatorial
theory. Although somewhat hesitant in suggesting yet
another new journal, I feel that that this one could
fulfill a real need for those of us working in the above
indicated fields. Many of us have experienced considerable
difficulties in the past in getting cur work accepted in
the leading journals. Furthermore, contributions in this
general area are extremely widely scattered at the moment,
I call upon all those interested to meet together after
this lecture to discuss my proposal. (As a result of this
call it was decided to start a new Jjournal to be called
Mathematical Chemistry(MATCH) covering the areas indicated.
The present paper appears in the first issue of this new
journal.)
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Editor’s Note: We have received only one comment on a lecture
delivered at the Microsymposium. It is the following comment
of Prof. Dr. H.-H. Schmidtke, University of Dusseldorf, regarding
the lecture delivered by Dr. D. H. Rouvray on Tuesday morning.

SOME COMMENTS ON THE LECTURE BY DR. D. H. ROUVRAY
by
Prof. Dr. H.-H. Schmidtke

Listening to this lecture and to those from yesterday about the
chemical application of graph theory one may come to the conclu-
sion that this theory only can describe information which is on
the standard of chemical and physical knowledge of the last or
possible of the beginning of this century. The results which were
obtained from guantum mechanics can only be covered, if at all, by
a more sophisticated theory of graphs in which physical insight
has been lost to a high extent. The claim of graph theory that it
introduces a simple and straightforward concept for classifying
chemical and physical experience will not be justified and the
respective stiuation seems to be similar to that in guantum

chemistry in its advanced stage.

For instance, in recent years plenty of novel type compounds

are synthesized which cannot be described by simple "Strichformeln".
These compounds may be described by three center, multi center or
even isotropic bonds in the constitutional formulae. Graph theory
consequently must introduce in the mapping X to Y for the set X

new sets P{3), P . , « « ., P (in the denotation of Dr. Kerber’s
lecture) which unduely complicates the theory losing more and more
of its physical insight.



